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Locally Optimal and Robust Backstepping Design
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Abstract— For a class of nonlinear systems a new ro-
bust backstepping design achieves both local optimality and
global inverse optimality. The design is robust in the sense
that it achieves a prescribed level of disturbance attenuation
with stability margins. An analytic example illustrates the
performance of the locally optimal control design.
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I. INTRODUCTION

LTHOUGH optimal designs, including H -designs,

are common for linear systems, optimal control of
nonlinear systems is hampered by our inability to solve
the Hamilton-Jacobi-Bellman (HJB) or the more general
Hamilton-Jacobi-Isaacs (HJI) equation. When the nonlin-
ear system admits a controllable linearization and the cost
functional admits a Taylor series expansion with quadratic
leading terms, then local approximations of the optimal
control are computable [1], [2]. Although such approxima-
tions are useful, a deficiency of the existing locally optimal
controllers is that they may adversely affect the system
behavior in large regions of the state-space. In particu-
lar, the stability properties may deteriorate and the region
of attraction may become intolerably small. Therefore, it
is necessary to endow the locally optimal controllers with
stronger stability properties, including a satisfactory region
of attraction.

In this paper, we design locally optimal controllers which
also guarantee strong global stability properties. The new
design modifies the backstepping procedure of [3] and [4] so
that at each step the virtual control law and the Lyapunov
function are chosen to be the linear-quadratic approxima-
tions of the Hyo -optimal control problem, thus achiev-
ing local £, -disturbance attenuation. For global proper-
ties, the new design relies on inverse optimality which is
known to have desirable stability margins [5], [6]. By uti-
lizing techniques similar to those of [7], [8] and [9], the
new control law is rendered globally H., -optimal in the
inverse sense, that is with respect to a cost functional
constructed during the recursive design procedure, and
achieves global inverse £, -disturbance attenuation. More-
over, when w(t) € Lo , the system is rendered input-to-
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state stable [10]. In the absence of a disturbance, the lo-
cally LQR optimal equilibrium is globally asymptotically
stable (GAS). A broad background on disturbance atten-
uation and inverse optimality is covered in the books [11],
[12], [13], [5], while further details and extensions of the
procedure presented here can be found in [14].

Two conference papers, [15] and [16], published simulta-
neously with an earlier version of this paper [17], contain
results related to ours. In [15], it is shown that input-
to-state stabilizability is both necessary and sufficient for
inverse optimality of nonlinear systems, and a constructive
procedure is introduced for the inverse H, -optimal design
of systems in strict-feedback form. The constructive pro-
cedure in [16] designs a control law which globally achieves
a finite Lo -gain and locally matches a linear control law.
Neither [15] nor [16] design controllers which are locally
H oo -optimal.

The organization of the paper is as follows. After in-
troducing our notation in Section IT and the problem for-
mulation in Section III, we present in Section IV our new
nonlinear recursive design, which starts with a linear H -
design. A detailed example in Section V illustrates the
stability properties and performance of the nonlinear con-
troller designed by the new procedure. The paper ends
with some concluding remarks in Section VI.

II. NOTATION

For constructive methods to be developed in the sequel a
simple notation is needed which uniquely specifies certain
substates and subsystems that we reference during the de-
sign procedures. For example, given A € IR"*", the i-th

linear subsystem matrix Ap; is defined for all i = 1,...,n
as
ai aii
Ay = | :
a1 Qj;

where a;; is the component of A found on its ith row and
jth column. The same notation is used for the subsets of
states x[;), and vector fields, i.e., fi;; and G The n x 1
zero vector is denoted by 0,,.

Our procedures construct a convenient change of coor-
dinates, which, for the linearized version of the system, is
denoted by z = Lz. The same notation z is kept for the
nonlinear system where z = ®(z) is a diffeomorphism such
that ®(z) := ®(z) — Lz contains only higher-order terms
in . Quantities in the transformed z-coordinates are de-
noted by an “over bar,” such as A corresponding to A. All
higher-order functions in the z-coordinates we denote with
a “breve,” such as f (z). Similarly, higher-order functions
in the transformed coordinates are denoted by a “check,”
such as f(z).
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All absolute values and vector norms will be denoted
by ||. For a vector norm we use |z| := Vz'z. As usual,
Lo and L, denote the respective sets of measurable signals
with finite norms

T
le(t)l, := (Tlgnoo / m'mmmdt)

1/2

and

t = i(t)].
7 ()] o tes[blgo) 121%Xn|1'z( )

III. PROBLEM FORMULATION

Systems that lend themselves to backstepping designs
are in strict-feedback form [3], [18], [9]

Ty = T+ f1 (.7;1) + g1 (a:l)w
Ty = x3+ fo(wr,22) + g2(z1, 22)w
i.n = fn(:rl,---,xn)+gn(a:1,---,:rn)w+u,

which can be written more compactly as

& = f(z)+Gi(x)w+ Bau, (1)
where z = [ml mn]l is the n-dimensional state; u
is the scalar control input; and w(t,z) : [0,00) x R" —
RY is an unknown disturbance signal which is member of
either Lo or L. We assume that the functions f;, g;
are sufficiently smooth and f;(0) = 0, b; := ¢;(0) € R"*4,
For these systems it is well-known how to achieve global
boundedness [4], [7], [8], [9] using robust backstepping. We
rely on backstepping to guarantee global boundedness, but
we extend the existing backstepping procedure to also meet
two additional design objectives: one local, and the other
global.

Our local objective is to achieve optimality in the region
where the linear dynamics dominate. For this reason we
separate the linear terms:

& = Az + Byw+ Bsu
fi(zy) 91 (1)
+ : + : w
fn(xl,...,a:n) Gn(T1,. .., Tp)

= Az + Byw + Bou + f(z) + G (2)w,

where f(z) = f(z)— Az, By = G1(0), G1(z) = G1(z)— By,

a1 1 0 te 0
6f 21 a?2 ]_ e 9
A= = = : EEE
O z=0 1
ap1  Ap2  An3 Anpn
and By = [0 0 1]’. The pair (A, Bz) is controllable

irrespective of the values of the coefficients a;;. To meet our

first objective we wish to find a locally stabilizing control
law w; = p(z), which minimizes the £-gain from the
disturbance w to the controlled output 3 = Ciz + Diuy
where @ := C{C1, R := D{D;, and D{C; = 0. As shown in
[12], this disturbance attenuation problem is equivalent to
the dynamic game min,, max,,, J;(u;,w;) for the linearized
system dynamics & = Ax + Byw; + Bau; and

Ji(ug, wy) = / [2'Qz + Rui — y*wjw]dt, (2)
0

where @ = Q' > 0 and R > 0. The optimal attenua-
tion level v* > 0 exists because (A, By) is controllable and
(A,Q) is observable. The desired attenuation level is a
fixed v > ~*.

Our global objective is to achieve global inverse optimal-
ity with respect to the cost functional

J(u, w) = /000 [q(z) + r(z)u® — y*w'w] dt. (3)

Our approach is inverse because we do not specify ¢(z)
and r(z) beforehand. However, to assure that the cost (3)
is meaningful, we require that

q(x) is positive definite, and r(z) > 0 Vz. (4)

Furthermore, to satisfy the local optimality objective we
impose the requirements’

q(x)
2 0zx2

| =
Q
M)

’I"(O) =R and Qra (0) =

=Q. 0
=0

We meet our local and global objectives with a significant
extension of the backstepping procedure. At the i-th step
of backstepping, we recursively construct a Lyapunov func-
tion V;(xp;) and determine the i-th virtual control a;(zp;)
such that if ;11 = a;(z}y)

2

,  (6)

! . .. .
where z(;) := [z ;] and Q) is a positive definite
matrix whose dependence on the matrix ) will be depicted
later. The i-th worst-case disturbance is

L, ovy{
ﬁGl[i] () By

Vi = —afy Qe + 7 w'w — ¥ jw — vi(zp)

vi(zp)) =

with Gy := [g] gé]'. The dissipation inequality

Vi < —l“fi]QT[i]ﬂ?[i] +7w'w

follows directly from (6). By construction, the final Lya-
punov function V' (z) > 0, obtained at i = n, is the value
function of the dynamic game min, max,, J(u,w) for the
cost (3) constrained by system (1). For a desired level of
attenuation v > ~*, the satisfaction of the HJI equation

V(@) f(&) + 3Vel) (G (2)G ()

—Bor™!(2)By) V() + q(z) =0

I This definition of gz (0) differs from the Hessian because of the
additional factor of 1/2 which is included for convenience.
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is achieved by selecting ¢(z) and r(z) which meet the pos-
itivity (4) and local optimality (5) requirements. The re-
sulting optimal control law

1 _
u o= ple) = g @) BVIa), (7)
. 1 ! !
and worst-case disturbance w = v(z) := o) (2)V,(z),
Y
satisfy
min max |g(z) + r(z)u® — y*w'w + V(z)| =0

and the dissipation inequality

1% —q(z) — r(z)u® + Y w'w

7w = v* + () (u = p)’
< —q(x) — r(z)u? + yiw'w.

Thus, the L5 -gain from the disturbance w to the controlled
output is bounded from above by . The controlled out-
put, sometimes called the regulation output, is defined as
3 = Hi1(x)x + Hio(z)u such that g(z) = o' H{{(x)Hy1 (z)x,
r(z) = Hiy(x)Hi2(z), and Hi,(z)H11(xz) = 0. Further-
more, C; = H;1(0) and Dy = Hy2(0).

IV. LocAaLLy OPTIMAL BACKSTEPPING DESIGN

The new locally optimal backstepping design is presented
in four parts. First, we introduce a factorization of the so-
lution to the generalized algebraic Riccati equation (GARE)
for the linear H, -design. This factorization is instrumen-
tal in a recursive backstepping procedure resulting in the
same linear control law as in the linear H., -design. We
then augment this recursive backstepping procedure to in-
corporate the remaining nonlinearities at each step. Fi-
nally, we construct the state and control penalties ¢(z) and
r(z), and the control law which achieves global inverse op-
timality.

A. Factorization of the Linear H -Design
The objective of the Ho, -design for the linear part of
system (1),
T = Az + Byw; + Bauy, (8)

is to find the controller which minimizes the cost (2) for the
worst-case disturbance. We are assured that the required
unique positive definite solution P = P’ > 0 of the GARE

1
0:PA+AP+P<?BJﬁ—&R*%>P+Q (9)

exists for all ¥ > v* > 0 because (A4, By) is controllable and
(A, Q) is observable [12]. The worst-case optimal control
law for the cost functional (2) is

u = w(z) = —R™' B} Pz, (10)

and the corresponding worst-case disturbance is w; =
1

v(z) := — B Px.
Y

A factorization of P which will make the H., -design
suitable for backstepping is P = L' AL, where L and A are

| 0 . 0
L= | T .y
0
—Qp—1,1 —Qp—1p-1 1
A = diag(d1,...,0n),

with §; > 0 for ¢ = 1,...,n. It is a matter of simple
matrix algebra to show that AY2L = U'"" where U is
the unique Cholesky factor of P~! = U’U. Therefore, the
above pair (A, L) is unique. Furthermore, under the state
transformation z = Lz, the matrix L has the following
property.

Property 1: For 1 <k < n: zp) = Ligjap) where Ly is
invertible. o
Applying the transformation z = Lx to the linear system
(8) we obtain

2= Az + Blwl + Bouy, A= LALil, Bl = LB. (12)

Due to the structure of L, the structure of A is identical to
that of A.
0
Property 2: For 1 < k < n: ) = A[k]z[k] + E +

B Zk+1
Bi[wwr. o

In the GARE (9) we replace P with L'AL and, upon
the pre-multiplication by L' ~! and post-multiplication by
L', we obtain

0=84+ 8+ (LB - B ) 840, 19
Y

where Q = L’leL*1 > 0. In this way we discover an
important property of the transformed GARE (13). )
Property 3: For 1 < k <n: 0 = Afk]A[k] + ApgApg +

1 - _
;Am&mﬂmAm+Qm- o

A consequence of Property 3 is that Ap is Hurwitz for
k=1,...,n—1. Furthermore, for all k£ such that 1 < k < n,

220 A Ak 28 = — 21 Quer2ie) — 7 Vi ik (14)

1 _
where plk(z[k]) = ?Bi[k]A[k]Z[k]

The transformed GARE (13) implies that V = 2'Az is
the value function of the game

min max Jj (ug, wy)
uy wp

for the linear system (12) and cost functional

Jy(u,wy) = / [2'Qz + Ru} — v*wjw]dt. (15)
0
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The function V' (2) can also be considered as a Lyapunov
function and as a storage function. To derive the underly-
ing dissipation inequality, we add y*wjw; —y*wjw; + Ruj —
Ru? =0 to the derivative of V, complete the squares with
respect to both u; and wy, to obtain

Vo= —2'Qz — Rui + vy wjw,

_ 2 _ 2
=7 fwr = ol” + R (w — u)
< —2'Qz — Rui + v wjwy,

where the first equality is arrived at by utilizing the alge-
braic relationship (13), and the last inequality is guaran-
teed by the control law u; = jij(z) == —R™'ByAz. The
corresponding worst-case disturbance is given by 7;(z) =

1 -

B. Linear Backstepping: Local Optimality

We now describe a linear backstepping procedure which
is preparatory for the more difficult nonlinear design. In
linear backstepping we restrict ourselves to the linear part
(8) of the nonlinear system (1). We construct linear virtual
controllers of the form a;(z[;) = ap)@p), where the ap;)’s
are defined as

apy) = [ail aii]
with ajo) = 0 and ay,) := 0,. Here the {a;;}’s are the ele-
ments of the matrix L specified in (11). Next we introduce
the “error coordinates”

z1 = I

Zi = T — Q1T 1=2,...,n,

given by the transformation z = Lz. At each step i of
the backstepping procedure we select the positive definite
Lyapunov function

‘Z(z[l]) = Efl(z[i—l]) + (5;2’?, VO = 07 i = 1)' sy T

At step i = n we get V = 2'Az, the solution of the HJI
equation corresponding to the GARE (13). To describe the
steps of this recursive procedure we first rewrite system (8)
as

T = apTy) + Tip + biwy i=1,...,n—1,

Tp = Qp)T) + bpw 4w,
where ag = [ail aii] . We also define the row vector
d[i] as

Q) 1= a[i]L[;]l 1=1,...,n,

noting that L[_i]1 = (L[i])fl.

Step 1: Define z; = z;. Selec_t 071(2’[1]) = Q[1]?[1] as the
virtual control law for x5, and V] = z[’l]A[l]z[l] as its value
function. Since Ly;; = 1, the dynamics of z; are

z = (a[l] + d[l])Z[l] + (22 — @) + .

From Property 2 for £ = 1, we see that the z;-subsystem
can be written as

Z = a[)?p) + 22 + I_)lwl, ap] = ap] + o, l_)l = by.

Adding v2wjw; — y*wjw; = 0 to the derivative of V;, com-
pleting the squares with respect to w;, and using (14) we
obtain

Vi = —zfl]Q[l]z[l] + 7wjw; — 32 lw — 71 |” + 22161 20,

1- 1 =
where 71 (2p1]) = ?b’lélzl = ?BQ[I]A[l]z[l]. If 2o =

0, then Vi > 0 is a storage function with supply rate
—z[’l]Q[l]z[l] + y2wjw;. Therefore, by the results of [19],
we have z1(t) = 0 as t — oo for all w(t) € Ly, and 2 (¢) is

bounded for all w(t) € Lo, . In the absence of a disturbance
z1 = 0 is GAS.

Step i: Define z; = x; — @;—1(z;—1)) and select the
value function for this step to be V; = V;_j + §;27 =
zfi]A[i]z[i]. From the preceding step, the dynamics of the
z[i—1]-subsystem are described by Property 2 for k =i — 1.
The derivative of V;_; is expressed as

Via = _Zfi_1]Q[i—1]Z[i—1]+’72w;wl

2 — 2
=y lwy — i1 |” + 22410512,

1 =
where 7;; 1 (2[i-1]) := ?Bi[ifl]A[i_l]z[i_l]. The dynam-

ics of z; are given by

2 = a[i]L[;.]lZ[i] + xit1 + bjwy
0a; T 0i— R
_82’[1',11] |:A[i—1]z[i—1] + |: ;ﬁ] +B1[i—1]wl] :

Selecting for x;11 the virtual control law &;(z;)) = a2y
we get

zZ; = a[i]z[i] + zig1 + l_)iwl,

where we have used Properties 1 and 2 to establish the
identities

ag Ly + ag) — [@[ifufi[i,l] @ie1,i—1|(16a)
(16b)

a) =
bi = b —au_1 B

The term &; 1,1 is defined as the (i — 1)st element of
@fi—1]- The derivative of V; at this step is

Vi = —2{3Qu2a + v wjw — 3 [w — 7l + 22idizi41,
where

_ _ 1, 1 -,

i(zpq) = Vo1 + ?biéizi = ?Bw]A[i]Z[i]
and the dynamics of the z[;-subsystem are described by

Property 2 for k =i. When z;4; =0, V; > 0 is a storage
function with supply rate —zfi]Q[i]z[i] + yY?wjw;. By the
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results of [19], for all w(t) € Ly, we have zj;(t) — 0 as
t — o0, and z};)(t) is bounded for all w(t) € Lo . In the
absence of a disturbance, the z[;-subsystem is GAS.

Step n: At the final step of the linear backstepping pro-
cedure, we define z, = 2, — &, 1(2[,—1)) and choose

V = anl + 6nzr2z =2Az

as the value function. The dynamics of z,, are given by

Zn = a[n]L_lz + bpw; + wy
adnfl T Onfz >

Using the identity (16) with ¢ = n, we rewrite the z,-
dynamics as 2, = a2 + bow; + uy. Therefore, the trans-
formed system is now described by (12). Finally, after a
completion of squares with respect to both w; and w;, we
get

V = —2'Qz— Rui + ywjw
¥ |w = w)* + R (w — m)*,
_ _ 1, 1 5, .
where 7;(2) := U p—1 + —bp0nzn = — B{Az is the worst-

case disturbance. The control law

fi(z) = —R'B'Az (17)

is the H o -controller (10) in the z-coordinates. When u; =
i;(z), we obtain

V = —2'Qz— Ruj + y*wjw, — v |w; — 17l|2
< —2'Qz — Ru}l + y*wjw;.

By this construction, V(2) is the solution to the HJI equa-
tion corresponding to the GARE (13). We have therefore
successfully completed the linear backstepping procedure
which stabilizes system (8) while minimizing the cost func-
tional (2) for the worst-case disturbance #;(z).

C. Nonlinear Backstepping: Global Properties

The nonlinear backstepping design procedure builds
upon the linear procedure described in the previous sec-
tion. At each step of the design we select as our virtual
control the same terms as in the linear case and add a
term to cancel the nonlinearities and to attenuate the dis-
turbance. The cancellations are only employed to simplify
the presentation. The procedure can be modified to avoid
canceling beneficial nonlinearities. With the completion of
each step, a new state z; = ¢;(z[;)) is defined by our choice
of the virtual control law from the previous step. At the
last step, this construction results in the lower-triangular
diffeomorphism z = ®(z) and control Lyapunov function
(CLF) V(2).

Step 1: Define z; = ¢y(x;) = z; and select V; =
ZEHAD]ZD] > 0 as the value function. Since =) =

‘1)[_1]1 (2[1]) = Z[1] the 2[1]—subsystem is

4 = apyep) + filzag) + @2 + g1 (2p))w-

The recursive design of the nonlinear control law begins
by adding a nonlinear term ¢ (21]) to the linear virtual
control law for xz, that is @;(zp)) = Az + da(zp)-
Using (16) with ¢ = 1 we get
Z21 = d[l]Z[l] + f1 (2[1]) + (:UQ — (Zm)) + g1 (Zm)’w
Vi = 22()An (apzp) + fi+(me—a)+ giw) ,

where fi (1)) == i (2p1)) + fl(z[;]), and g1 (2p11) == g1(zp1))-
Adding v?w'w — v?w'w = 0 to V1, completing the squares
with respect to w, and using (14) with k£ = 1, we find

Vi o= —2Quizn + 7 w'w =7 fw - nf’
x 1 - -
+2261]A[1] fl + 2—72 (glgi — blbll) A[1]Z[1]

+22161 (5[72 — 071),

1
;Gim (2 A2

Now we select & to cancel the term in the brackets:

1
where 71(z;)) = —g1(21)0121 =

93

1 o
a; = —fi— 2—72 (glgi - blbl1) AVIER
. 1 _

= fi= o2 (9191 — b1b}) Apjzp,

which brings ‘71 to the desired dissipativity form

—z['l]Q[l]z[l] +7?w'w — 4 |w — 7|
+221(51 (1’2 — C_Kl)
= _Z[Il]Q[l]Z[l] - 7251171 + 2’)/217111)

+22161 (1’2 — C_Kl).

Indeed, the dissipation inequality V; < —z[’l]Q[l]z[l] +
v w'w is satisfied when z» = & (2111)- Therefore, Vi >0is
a storage function with supply rate —zfl]Q[l]z[l] + y2w'w
and the z[;j-subsystem has been stabilized. Furthermore,
for all w(t) € L, we have zp3;(t) = 0 as t — oo [19]. In
the absence of a disturbance, the equilibrium zp;; = 0 of
the first nonlinear subsystem is GAS.

Step i: Define z; = ¢i(z[;)) = ;i — @;1(2;—1)) where
di_1(2[i,1]) = Op-1)2[i-1) + Oyéi_l(Z[i,l]), and select the
value function V; = V;_1 + 51'2? = z[’i]A[i]z[i] > 0. In the
recursion, we assume that the preceding step results in

0._ -
Apiyzim + { . 2} + fri-1(21i-1))

i

Zlic1) =

+G1pi—1) (2i—1))w,

_Zfi_1]Q[i71]Z[i71] + 7Y w'w — ¥ |w — 9i—1|2
+22;_10;—12;
= —zl_ 1Qu_nzri— — V0 Ui + 2920 |w
[i—1]%[i—1]*[i—-1] i—1 i—1
+22;_10;—12;
= 22’[2-,1]A[ifl]/i[ifl]z[ifl] + 7251',1;1171,1’—1

21 = 21
=Y U _ Vi1 + 270w + 22,1012,
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1 -
where ’71'—1(2'[@'71]) = ?Gll[i—l] (Z[i—l])A[i—l]Z[i—l]- The z;-

dynamics are given by

4= ap®q (21) +fz( 1 (z) + i
_ (9a i—1 | 1 0;—
(@ zr)w — 2= | A -2
il [ (213w 02— [ i) { Zi }
+ /- (zii—1)) + Grjicy (zi—w]
where we have used w;; = q)[;]l (217)-  We now select

@;(z5)) = agg2p) + ilz)) as the virtual control for x4
and, using (16), obtain the z;-dynamics

z; = a2 + fi(Z[i]) + (:L’i+1 - C_ki(Z[i])) + gi(Z[i])w

where
filz) = @z + 0 ¥ (2) + fi(@5 (21))
Od;—1 | - 0;—2
_ A ) i
02— [ -2 { Zi ”
0a;—1
— i—11\RTi—
. fri-n(zi-1y)
— 6@1 1
gi( %[ = gi(® o i [i— i—
gi(z13) 9i(®p (211)) — D715t G1 11(21i-1))
and \il[i] (21q) = <I>[;.]1 (1) — L[;.] 2[; contains only higher-
order terms. Therefore, the z[;-dynamics is given by
. T i—1
= Awe + fa ) + G (za)w + |:gni+1 —az} '

Using the identity
Zfi]A[i]A[i]Z[i] = Zfifl]A[ifl]A[ifl]Z[ifl]
+zi—10i—12; + Zi(sid[i]Z[i],

we obtain
Vi = 223Apdyz + 77 1% — VPP

+272 7w + 22:0; (fi + (Tig1 — @), (18)

1
where Dl(z[l]) = Vi1 + —zg;(szzl = Us-

ing the GARE identity (14),

1 =
;Gim COVACEGE

Vi = —z3Quz — 7 (Vi = 1 71i-1)

—V2 0Ty + 29w + 22;0; (fz + Tip1 — di) .
We now add y?w'w —y?w'w = 0, and complete the squares
with respect to w,

Vi = —23Qua + 77w — 2 lw —
+7° (’7£’7i — 171"_191'—1) —v? (ﬂfﬂu — B;,i—lﬂl,i—l)
+22;0; fi + 22;0;(xip1 — @)
= _Z[Ii]Q[i]Z[i] + v’ w'w =97 fw - 7
+22;0;[fi + (Gii—1 — bivni1)

1 _
+2—72 (gzg; — blb;) 0izi] + 22;0;(xTip1 — ;).

Then we select &; to cancel the term in the brackets:

ai(zi) = —aPp(am) - fi(@5] (21))

adifl T 0i72

+82[i71] [A[i_l]z[i_l] " [ Zi ”
0d;—1 ; _ =
8z[i,11] Jiim1(zpiz)) = (GilZim1 — bibi—1)

1 _
T2y (gig; — bib}) 6;2;
= fi = —(glio1 —bivio) — (gigi — bib}) 6i2;-

2y
This results in the dissipative form of VZ

Vi = —z3Qujzp + 7 w'w — v Jw - vil®
+22;0;(Tiy1 — @)

—Zfi]Q[i]Z[i] + 72w'w +22;0; (i1 — @y)-

IN

Indeed, when x;41 = C_Ei(Z[i]), Vi > 0 is a storage function
with supply rate —zfi]Q[i]z[i] + v?w'w. Therefore, 25(t) is
globally bounded for all w(t) € L, and for all w(t) €
Ly, we have z[;)(t) — 0 as t — oo. In the absence of a

disturbance, the equilibrium z;; = 0 is GAS.

Step n: For the final step we define 2, = ¢n( ) =z, —
@n—1(2[—1]), and select V = Vpo1 + 0,22 = 2’Az > 0.
Then

G = ap®T(2) + fu(@7(2) + u+ gn(@7(2))w
6C_anl T Onf
_8z[n71] [A[n_1]2[n—1] * [ Znﬂ

+fin-11(2pn—11) + Gipp—1) (2pa-1))w] ,
which can be rewritten as
Zn = Q)2 + fn(2) + Gn(2)w + u,
where @) is defined by formula (16) for i = n, and
falz) = ap¥(z) + fa(@7(2)
o o e ]

aZ[n—l]
adnfl b
_mf[n—l] (Z[n—1])
_ . —1 8dn 1
gn(2) = gu(®7 (2)) — D2 Gl[n 1](Z[n 1])
¥(z) := & '(2) — L'z contains only higher-order terms.

With this procedure we have completed the construction of
the diffeomorphism z = ®(z) and transformed the original
system (1) into the form

5= Az + f(2) + G1(2)w + Byu. (19)

The linear part of this diffeomorphism is Lz, that is
z = Lz + &(z), where &(2) := &(z) — Lz contains only
higher-order terms. Thus, in both z and = coordinates, the
properties of the linearized systems are the same.
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D. Inverse Optimal Design

We now complete the design by constructing a nonlin-
ear control law which attenuates the effects of the harmful
nonlinearities and disturbance, and achieves global inverse
optimality. The properties of the constructed control law
are summarized in the following theorem.

Theorem 1: There exists a positive definite function
G(z) and a strictly positive function 7(z) with properties
7.-(0) = Q = Q" > 0 and 7(0) = R > 0, such that the
feedback control law

u = ji(z) = -7 *(2) ByAz, (20)

applied to the system (19) achieves local optimality with
respect to the cost functional (15) and global inverse opti-
mality with respect to a cost functional of the form

J(u,w) = /000 [7(2) + 7(2)u® — y*w'w] dt, (21)

1 _
for the worst-case disturbance w = 7(z) := —G}(2)Az.
Y

Furthermore, z(t) — 0 as ¢ — oo for all w(t) € L3, and
2(t) € Lo for all w(t) € Lo . In the absence of a distur-
bance, w = 0, the control law (20) renders the equilibrium
z = 0 globally asymptotically stable (GAS) and locally

exponentially stable (LES).

Proof: The CLF V = 2'Az > 0 for system (19), con-
structed through the backstepping procedure of Section I'V-
C, has the derivative given by the formula (18) with i = n
and x,41 := u, @, := 0, namely

Vo= 2/Adr+ VU] 1 Vin—1 = YV Vp_1Vn—1
+2727'w + 22,6, (fn + u) ,
1
7
GARE identity (13), we reduce V to

1 _
where 7(2) := Vp-1 + —5 35,0020 = —5G1(2)Az. Using the
Y

V = —2Qz+R8222
0 V1 = (U0 = V] 1 Vim—1)
+2727'w + 22,6, (fn +u).
Adding 7(2)u? — 7(2)u? + y*w'w — y?w'w = 0, and com-
pleting the squares with respect to both v and w we obtain
—2'Qz — F(2)u® + Yw'w — 7% |w — 7|
+i(z) (w—)° — (FL(2) = R71) 6222
+y? (V' — )y o) = (W0 — ] 1 Vi)

= —2'Qz —F(2)u? + Yw'w -~ |w — b

+7(2) (u— ) — (7 (2) = R7") 0222 + 22,007,

where fi(z) is defined by (20),
higher-order terms:

Vo=

and 7j(z) contains only

77(2) = fn + (gn’jnfl - Bnﬂl,nfl)

1 - 73

The functions 7(z) and §(z) are to be selected to satisfy
the dissipation inequality
V < —q(2) - 7(2)u? + 77 w'w, (22)
and to achieve global inverse optimality with respect to cost
functional (21). For a meaningful cost J(u,w), we restrict
d(z) to be positive definite and 7(z) to be positive for all z.
Furthermore, we achieve local optimality by letting #(0) =
R >0 and 7,,(0) = Q = Q" > 0. One such choice of g(z)
is
q(2) :==2'Qz+ (F'(2) = R™") 0722 — 22,001,

n

(23)

where 7(z) > 0 is to be constructed such that ¢(z) is posi-
tive definite and 7(0) = R.

We begin to construct #(z) by factoring out the terms of
7(z) and 2'Qz that depend on z,:

1(z) = Mm(zpm_1)2mn-1) +12(2)zn
2Qz = [dyy ] [Q[nu ‘JI:| [Z[nu],

ﬂ 42 Zn

where 7;(0) = 0 and 72(0) = 0. Next, we complete the
squares in (23) with respect to zp,_1; and select 7(z) to
dominate only those terms in §(z) which are negative and
which have not already been dominated by other positive
terms:

2

q(z) = Zn—-1] + Q[_nl_l] (@1 — ﬁién)zn

Qn-1]
+ (& - a4Qp ) =
+(1(2) = R = 5(2))0n 2,

where

0(2) == mQp_yyh — 20 Q51 10 7 + 205 . (24)
Clearly 5(0) = 0. If 7 1(z) > R~ 4 5(z), then g(z) is
guaranteed to be positive for all z # 0, in fact,

) Amin Q1)) 25|
> _
a0=) 2 { (- 4 Q5L @) =l

for all z # 0. Moreover, if #(0) = R then ¢..(0) = Q.
Therefore, any positive function 7(z) > 0 such that 7#(0) =
R and 7 1(2) > R~ +5(z) will achieve our dual objective
of local optimality and global inverse optimality.
Although the state penalty function g(z) is guaranteed
to be positive definite, it may not be radially unbounded.
If we require g(z) to be radially unbounded, then we must
insure that 7~'(z) > R~ + 6(2) + 0,(zpn—1)) > R~ +
(z), where &,.(z],,—1]) is any positive definite and radially
unbounded function such that 5,.(0) = 0. If this is the case,
then we simply absorb the function ,(2[,-1)) into &(z),

0(2) + 0r(2(n—1]) — 0(2),
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and continue with the design process. One particular

choice, G, (z(,-1]) = |z[n_1] |2, guarantees the existence of a
positive constant ¢, such that §(z) > ¢,V (z) for all z € R".
We identify two particular choices of 7(z). The first

choice is
—1
7(z) = ( R2+62(2) +6(z)) .
It is clear that 7(z) is a smooth and positive function,

7(0) = R, and 7 (2) > R~! +5(2), V2 € R". The second
choice,

) (R +5(2)) 5(2) >0
7(z) == R —R™' <a(z) <0 (25)
3R 7(z) < —R71,

requires 7~!(z) to dominate R~! + &(z) only when nec-
essary, and is therefore leaner than the first. However,
it may not be differentiable everywhere. The function
€(7) can be any continuous and strictly positive function
such that é(—R™') = 1. One such function is (&) :=

1+ |R_1 + (_T(Z)|k for any £ > 0. For either of the two
choices,

Vo= —q(2) — F(2)u? + y*w'w
7 fw = v* + 7 (2) (u = ). (26)
It is obvious from (26) that the optimal control v = fi(z)
and the worst-case disturbance w = 7(z) satisfy

min max [q(z) +7(2)u? — Y*w'w + V(z)] =0,
and that V (z) satisfies the dissipation inequality (22) and
the HJI equation

0 = q(z)+Va(z) (Az + f(2))

b (HGEGE) — B (B ) VG,
Therefore, V() is the value function for the cost functional
(21). Likewise, V(z) =: V(®(z)) is the value function in
the x-coordinates.

If g(z) is radially unbounded, then the system is input-
to-state stable [10] from w to z. Hence, the system state
remains bounded for all bounded disturbances. Further-
more, since V < —q(2) + y?w'w and §(z) is zero only if
z = 0, we have z(t) € Loand z(t) — 0 (z(t) — 0) as
t — oo whenever w(t) € L2[19]. A summary of the design
procedure is found in Table I

V. EXAMPLE
We illustrate the steps of the design procedure on the

simple nonlinear system

T, = m% + x5 +w
u, (27)

T

and cost functional
oo
J= / [} + 23 + v — 5%w?] dt.
0

Let us first examine the stability properties of the H -
optimal controller for the linearized system

i‘l = Iyt w

(28)

i?Q = Uu.

The optimal attenuation level for this problem is y* = 1.27.

Since v = 5 > v*, the GARE (9) has a unique positive
1.82 1.06
1.06 1.78

controller (10) for (28) is

definite solution P = } > 0, and the optimal

u=—B'Pr=-1.06z; — 1.78x>. (29)

When controller (29) is applied to the nonlinear system
(27), the resulting feedback system is

m% + T2 +w
—1.06x1 — 1.78x5.

T =
Ty =

The disturbance-free phase-portrait of this system is rep-
resented by the dashed trajectories in Figure 1. The key
instability property is the presence of an unstable equilib-
rium (saddle-point) at z; = 0.60, zz = —0.35. As shown
in Figure 1, the stability boundary of the desired equilib-
rium z; = x5 = 0 is the stable manifold of the saddle-point
equilibrium denoted by M. The region of attraction of
x = 0 is to the left of this manifold. All trajectories to the
right of M are unbounded. For initial conditions in the
region of attraction which are close to the manifold Mj,
the transient performance is poor. Under the action of the
worst-case disturbance, the region of attraction would be
much smaller.

1z N
AN R ---  Linear
08 o v . 1
0.6- N ,
0.4r A » . i
0.2- .. N . 1
ST T \\ \\ N
SN (o] '§\\\‘ \\ N il
\\ \\ T T ! N ~
-0.2- \\ ~ i/ Ms \\\\\ i
N ~ =~
-0.4- N ~ > |
-0.6- =
N ‘
-0.8 AN \ 1
~ \
N .
b2 0 0.2 0.4 06 0.8
X
1
Fig. 1. Linear Phase-Plane Trajectories.

When a linear optimal design fails as in the above exam-
ple, the design presented in this paper provides a system-
atic way to improve both the performance and stability.
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We now proceed with the new design in which we first re-
cover (29) as the linear part of the nonlinear controller. As
shown in Section IV-A the key to achieving local optimal-
ity in backstepping designs is the factorization P = L'AL
of the positive definite solution of the GARE (9). The ma-
trices L and A uniquely define the constants aq1, §; and
02 which are needed in the locally optimal backstepping
design:

and
01 0 1.18 0
a=[0 5] =" %)

Under the transformation z = Lz, that is z; = =z,
zo = x2 + 0.6x1, the optimal control law (17) for the
linear system is u = —B'Az = —1.7825, or equivalently,
u = —1.78(0.6z1 + x2) = —1.06xz; — 1.78z2, which is the
same as (29).

Carrying out the first step of the locally optimal back-
stepping procedure of Section IV-C, we define z; =
¢1(z1) := x1. Then, as dictated by the linear design and
the factorization of P, we select Vi = 1.182% as the value
function, and &; (z1) := —0.621 + &1 (z1) as the virtual con-
trol law for xo. Adding 25w? — 25w? = 0 to the derivative

of V1, and completing the squares with respect to w, we
compute

—1.3622 + 25w? — 25 (w — i)’
+2.3621 [2] + d1] +2.3621 (v2 — @) ,

vV, =

where 7 (1) := 0.052z1. The nonlinear virtual control term
&1 (z1) is selected to cancel the nonlinearity in brackets,
that is, ¢ (21) = —27. Now,

—1.3622 + 25w? — 25 (w — i1y)”
+236Zl (1‘2 - C_Kl) ,

V. =

and when zo = @, (21), V1 satisfies the dissipation inequal-
ity

V< —1.3622 + 25w>.

At the second step, we define 25 = ¢2(z) := 22 — a1 (21)
and select V' = V; + 1.7822 as the value function. With
this final step we have constructed the diffeomorphism

— T1
= 0.6z + 22 + .7:%

0

.

} . (30)

Because the linear part of the (30) is z = Lz, the local
properties of the linear design are preserved. Using (30), we
obtain the nonlinear system dynamics in the z-coordinates:

—0.621 + 20 +w
—0.3621 + 0.622 — 1.2zf + 22122 +u
+ (221 + 0.6) w.

zy =

Zy =

The derivative of the value function V is
V = 2/AAz + 500w + 3.56 (—1.192% + 22129 + u) 22,

-06 1

i — -1 _
where A = LAL = [—0.36 0.6

disturbance is

17(2’) = 11 +0.07 (22’1 + 06) 29
= 0.05z1 +0.0425 + 0.1421 25.

} and the worst-case

Using the GARE identity (13) with Q@ = L' 'QL! =
1.36 —0.6
-06 1

both w and u, we obtain

, and completing the squares with respect to

V = —q(z) —7(2)u® + 25w*
~25 (w —7)° +7(2) (u — i)°,
where
fi(z) == —1.787 1 (2) 2, (31)

and

a(z) = 2'Qz+317(F '(2)—-1) 2

—3.56M; (21) 2122 — 3.5672(2) 22
771 (21) = —1.1021
fia(z) = 2.08z +0.09z.

After completing the squares in §(z) with respect to z;, we
define 7(z) as prescribed by (24): &(z) = 1.8z + 1.052%.
We now rewrite q(z) as

G(z) = 1.36 (21 — 0.442 + 1.442125)" + 0.7422
+3.17(F H(2) = 1 — 5 (2))23.

If g(z) needs to be radially unbounded, or w(t) € Lo,
then we let (z) + 7.(21) — &(2) where 5,.(2) := 22, and
continue with the design process.

The feedback law (31) will stabilize the system with ei-
ther of the two choices for 7(z) introduced in Section IV-D.
We select 7(z) as defined by (25) with €(G) = 1 and the
feedback control law (31) becomes

-

Since o(z) := 7(®(x)), we can write (32) in the z-
coordinates (7) as

—-1.78(1+5(2))22 : a(z)>0
1782 . o(2) < 0. (32)

_ { —1.78 (1 + o(x)) (0.6z1 + 22 + ) : o(x) >0 (33)

—1.78 (0.621 + x> + 27) co(x) <O0.

Solid trajectories in Figure 2 represent the phase-portrait
of the disturbance-free system (27) controlled by the non-
linear controller (33). Unlike the linear controller, trajec-
tories of the nonlinear controller remain bounded for all
initial conditions. The nonlinear controller achieves not
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Linear
Nonlinear

Fig. 2. Phase-Plane Trajectories.

only global asymptotic stability, but it also improves the
performance without an increase in control effort. This
is illustrated in Figure 3 for trajectory A which is close
to the stability boundary M. The control effort required
by both the linear and nonlinear controllers is comparable.
As shown in Figure 4, the states of the system driven by
the nonlinear controller converge to zero much faster than
those of the system driven by the linear controller. This
difference is more pronounced when the initial condition is
closer to M. The local optimality is illustrated in Figure
2 by the fact that the trajectories of both controllers are
almost identical for initial conditions close to the origin.

In the presence of a bounded disturbance, the nonlin-
ear controller (33) guarantees boundedness, and the Ls-
gain from the disturbance w to the controlled output
3 = (q(z) + r(m)u2)1/2 is bounded from above by v = 5.
Thus, since ¢,,(0) = I and r7(0) = 1, the nonlinear con-
troller has preserved the good local properties of the linear
controller while attaining robust stability.

VI. CONCLUSIONS

The new backstepping procedure presented in this pa-
per simultaneously achieves several design objectives: lo-
cal optimality with respect to a prescribed quadratic cost,
global inverse optimality with respect to a cost functional
constructed during the design, and global L5 -disturbance
attenuation. In the presence of a bounded disturbance,
the system state remains bounded if the weighting func-
tion g(x) is designed to be radially unbounded, and when
w(t) € L2, all trajectories converge to zero. In the absence
of a disturbance, global asymptotic stability of the equi-
librium is guaranteed. In this way, the design freedoms of
earlier robust backstepping procedures [4], [8], [9] are now
exploited to systematically improve both performance and
stability properties of nonlinear feedback systems.

The locally optimal backstepping design has been ex-
tended in [14] using a “nonlinear Cholesky factorization”

Time

Fig. 3. Control history for trajectory A.

12

Linear
Nonlinear

X and X,

Time

Fig. 4. State history for trajectory A.

which permits the design of control laws that are globally
inverse Ho -optimal and locally H ., -optimal with respect
to non-quadratic cost functionals. The locally optimal de-
sign has also been applied to systems which require vec-
torial backstepping such as ships [20]. The problem of
obtaining local optimality when the linear system is un-
controllable remains to be solved.

Finally, it should be noted that the control laws gener-
ated by the procedure presented in this paper may exhibit
gains in certain regions of the state-space which are unnec-
essarily high. This “hardening” phenomenon is related to
the quadratic choice of the control Lyapunov function, and
can be reduced in standard backstepping through the use
of “flattened” Lyapunov functions [8]. Therefore, as long
as the control Lyapunov function remains quadratic in a
ball containing x = 0, it should be possible to modify the
“flattened” Lyapunov function approach to accommodate
the locally optimal backstepping design, and thus reduce
the affects of hardening.
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TABLE 1
THE DESIGN PROCEDURE, ¢ = 1,...,n.

Diffeomorphism: Section IV-C, z = &(z)

zi = ¢i(zp)) = T3 — Qi1 (2[i—1]) = Ti — Q[—112[i—1] — Qi—1(2i—1))

Linear Factorization: Section IV-A, 79 :=0

1

0 = PA+AP+P <—zBlB; - BQR—lB;> P+Q = P=LAL>0
Y

A = LAL', B,=LB,, Q=L"'QL

1 -
v = —B i Az
t U [~
L and A determine the value of a;; and 9; fori,5 =1,...,n

Local Design: Section IV-B, ajo) := 0, o, := 0

- —1
ap = aply )

?[i] = a[i]L[_i]l + d_[i] — 07[1'—1]A[i71] 542'71,2'71]
bi = bi—a B

Global Design: Section IV-C, do := 0, &, :=0, 7y :=0

« T ; — 8di—1 T Oi_Q

a& = —ap P (en) - fi(@g] (2)) + 2 [A[il]z[il] + [ . ”
8di_1 < _ T - — T3
mf[zfl] (Z[z71]) - (gz’/z—l - szl,z—l) - 2—72 (gzgi - bzbi) dizi

y 3 y ¢ a1 Od; 1 | ¢ 0;—2

[i-1] i
0d;—1 ;
B Oz[j—1) T (Zg_q)

g = gi(5 (2p) — Yol i1y (2

g 9:(®p (z12) . 11(2i-1))

v; = Vi1+ —257251'21'

Uy = @ () — Ly'an

oo

Inverse Optimal Design: Section IV-D, J(u,w) = [~ [7(2) + F(z)u® — y*w'w] dt

0, (2[n—1]) is any positive definite and radially unbounded function such that 7,.(0) =0

Fo= ( R*2+62(z)+6(z))_ >0
_ 2 _
¢ = |21+ Qpl (@ — Mon)zn Omn* (qa - q*ianl_l]fh) Zpt (=R —0)052, 2 0
o = MmOy —21Q,," 110, 0 + 20, 2 + 0 (21 1)
77 - fn + (gn’jnfl - Bn’jl,nfl) + 2_72 (gng% - Bnl_)ln) 6nzn = ﬁl(z[n—l])z[n—l] + ﬁZ(z)Zn

Control Law: Section IV-D, V = 2'Az > 0

u=—7 1(2)0p2, = -7 1(2)B5Az

11
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