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Abstract| For a class of nonlinear systems a new ro-
bust backstepping design achieves both local optimality and

global inverse optimality. The design is robust in the sense
that it achieves a prescribed level of disturbance attenuation

with stability margins. An analytic example illustrates the
performance of the locally optimal control design.
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I. Introduction

A
LTHOUGH optimal designs, including H1 -designs,
are common for linear systems, optimal control of

nonlinear systems is hampered by our inability to solve
the Hamilton-Jacobi-Bellman (HJB) or the more general
Hamilton-Jacobi-Isaacs (HJI) equation. When the nonlin-
ear system admits a controllable linearization and the cost
functional admits a Taylor series expansion with quadratic
leading terms, then local approximations of the optimal
control are computable [1], [2]. Although such approxima-
tions are useful, a de�ciency of the existing locally optimal
controllers is that they may adversely a�ect the system
behavior in large regions of the state-space. In particu-
lar, the stability properties may deteriorate and the region
of attraction may become intolerably small. Therefore, it
is necessary to endow the locally optimal controllers with
stronger stability properties, including a satisfactory region
of attraction.

In this paper, we design locally optimal controllers which
also guarantee strong global stability properties. The new
design modi�es the backstepping procedure of [3] and [4] so
that at each step the virtual control law and the Lyapunov
function are chosen to be the linear-quadratic approxima-
tions of the H1 -optimal control problem, thus achiev-
ing local L2 -disturbance attenuation. For global proper-
ties, the new design relies on inverse optimality which is
known to have desirable stability margins [5], [6]. By uti-
lizing techniques similar to those of [7], [8] and [9], the
new control law is rendered globally H1 -optimal in the
inverse sense, that is with respect to a cost functional
constructed during the recursive design procedure, and
achieves global inverse L2 -disturbance attenuation. More-
over, when w(t) 2 L1 , the system is rendered input-to-
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state stable [10]. In the absence of a disturbance, the lo-
cally LQR optimal equilibrium is globally asymptotically
stable (GAS). A broad background on disturbance atten-
uation and inverse optimality is covered in the books [11],
[12], [13], [5], while further details and extensions of the
procedure presented here can be found in [14].
Two conference papers, [15] and [16], published simulta-

neously with an earlier version of this paper [17], contain
results related to ours. In [15], it is shown that input-
to-state stabilizability is both necessary and suÆcient for
inverse optimality of nonlinear systems, and a constructive
procedure is introduced for the inverse H1 -optimal design
of systems in strict-feedback form. The constructive pro-
cedure in [16] designs a control law which globally achieves
a �nite L2 -gain and locally matches a linear control law.
Neither [15] nor [16] design controllers which are locally

H1 -optimal.
The organization of the paper is as follows. After in-

troducing our notation in Section II and the problem for-
mulation in Section III, we present in Section IV our new
nonlinear recursive design, which starts with a linear H1 -
design. A detailed example in Section V illustrates the
stability properties and performance of the nonlinear con-
troller designed by the new procedure. The paper ends
with some concluding remarks in Section VI.

II. Notation

For constructive methods to be developed in the sequel a
simple notation is needed which uniquely speci�es certain
substates and subsystems that we reference during the de-
sign procedures. For example, given A 2 IRn�n, the i-th
linear subsystem matrix A[i] is de�ned for all i = 1; : : : ; n
as

A[i] :=

2
64
a11 � � � a1i
...

...
ai1 � � � aii

3
75 ;

where aij is the component of A found on its ith row and
jth column. The same notation is used for the subsets of
states x[i], and vector �elds, i.e., �f[i] and G1[i]. The n� 1
zero vector is denoted by 0n.
Our procedures construct a convenient change of coor-

dinates, which, for the linearized version of the system, is
denoted by z = Lx. The same notation z is kept for the
nonlinear system where z = �(x) is a di�eomorphism such

that ��(x) := �(x) � Lx contains only higher-order terms
in x. Quantities in the transformed z-coordinates are de-
noted by an \over bar," such as �A corresponding to A. All
higher-order functions in the x-coordinates we denote with
a \breve," such as �f(x). Similarly, higher-order functions
in the transformed coordinates are denoted by a \check,"
such as �f(z).
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All absolute values and vector norms will be denoted
by j�j. For a vector norm we use jxj := p

x0x. As usual,
L2 and L1 denote the respective sets of measurable signals
with �nite norms

kx(t)k2 :=
 

lim
T!1

Z T

0

x0(�)x(�)dt

!1=2

and

kx(t)k1 := sup
t2[0;1)

max
1�i�n

jxi(t)j :

III. Problem Formulation

Systems that lend themselves to backstepping designs
are in strict-feedback form [3], [18], [9]

_x1 = x2 + f1(x1) + g1(x1)w
_x2 = x3 + f2(x1; x2) + g2(x1; x2)w

...
_xn = fn(x1; � � � ; xn) + gn(x1; � � � ; xn)w + u;

which can be written more compactly as

_x = f(x) +G1(x)w +B2u; (1)

where x =
�
x1 � � � xn

�0
is the n-dimensional state; u

is the scalar control input; and w(t; x) : [0;1) � IRn !
IRq is an unknown disturbance signal which is member of
either L2 or L1 . We assume that the functions fi, gi
are suÆciently smooth and fi(0) = 0, bi := gi(0) 2 IR1�q.
For these systems it is well-known how to achieve global
boundedness [4], [7], [8], [9] using robust backstepping. We
rely on backstepping to guarantee global boundedness, but
we extend the existing backstepping procedure to also meet
two additional design objectives: one local, and the other
global.
Our local objective is to achieve optimality in the region

where the linear dynamics dominate. For this reason we
separate the linear terms:

_x = Ax+B1w +B2u

+

2
64

�f1(x1)
...

�fn(x1; : : : ; xn)

3
75+

2
64

�g1(x1)
...

�gn(x1; : : : ; xn)

3
75w

= Ax+B1w +B2u+ �f(x) + �G1(x)w;

where �f(x) = f(x)�Ax, B1 = G1(0), �G1(x) = G1(x)�B1,

A =
@f

@x

����
x=0

=

2
666664

a11 1 0 � � � 0
a21 a22 1 � � � 0
...

...
. . .

...
1

an1 an2 an3 � � � ann

3
777775 ;

and B2 =
�
0 : : : 0 1

�0
. The pair (A;B2) is controllable

irrespective of the values of the coeÆcients aij . To meet our

�rst objective we wish to �nd a locally stabilizing control
law ul = �l(x), which minimizes the L2 -gain from the
disturbance w to the controlled output zl = C1x + D1ul
whereQ := C 01C1, R := D01D1, andD

0
1C1 = 0. As shown in

[12], this disturbance attenuation problem is equivalent to
the dynamic game minul maxwl

Jl(ul; wl) for the linearized
system dynamics _x = Ax+B1wl +B2ul and

Jl(ul; wl) =

Z 1

0

[x0Qx+Ru2l � 
2w0lwl]dt; (2)

where Q = Q0 > 0 and R > 0. The optimal attenua-
tion level 
� > 0 exists because (A;B2) is controllable and
(A;Q) is observable. The desired attenuation level is a
�xed 
 > 
�.
Our global objective is to achieve global inverse optimal-

ity with respect to the cost functional

J(u;w) =

Z 1

0

�
q(x) + r(x)u2 � 
2w0w

�
dt: (3)

Our approach is inverse because we do not specify q(x)
and r(x) beforehand. However, to assure that the cost (3)
is meaningful, we require that

q(x) is positive de�nite, and r(x) > 0 8x: (4)

Furthermore, to satisfy the local optimality objective we
impose the requirements1

r(0) = R and qxx(0) :=
1

2

@2q(x)

@x2

����
x=0

= Q: (5)

We meet our local and global objectives with a signi�cant
extension of the backstepping procedure. At the i-th step
of backstepping, we recursively construct a Lyapunov func-
tion Vi(x[i]) and determine the i-th virtual control �i(x[i])
such that if xi+1 � �i(x[i])

_Vi = �x0[i]QT [i]x[i] + 
2w0w � 
2
��w � �i(x[i])

��2 ; (6)

where x[i] :=
�
x1 : : : xi

�0
and QT [i] is a positive de�nite

matrix whose dependence on the matrix Q will be depicted
later. The i-th worst-case disturbance is

�i(x[i]) :=
1

2
2
G01[i](x[i])

@V 0i
@x[i]

with G1[i] :=
�
g01 � � � g0i

�0
. The dissipation inequality

_Vi � �x0[i]QT [i]x[i] + 
2w0w

follows directly from (6). By construction, the �nal Lya-
punov function V (x) > 0, obtained at i = n, is the value
function of the dynamic game minumaxw J(u;w) for the
cost (3) constrained by system (1). For a desired level of
attenuation 
 > 
�, the satisfaction of the HJI equation

Vx(x)f(x) +
1

4
Vx(x)

�

�2G1(x)G

0
1(x)

�B2r
�1(x)B02

�
V 0x(x) + q(x) = 0

1This de�nition of qxx(0) di�ers from the Hessian because of the
additional factor of 1=2 which is included for convenience.
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is achieved by selecting q(x) and r(x) which meet the pos-
itivity (4) and local optimality (5) requirements. The re-
sulting optimal control law

u = �(x) := �1

2
r�1(x)B02V

0
x(x); (7)

and worst-case disturbance w = �(x) :=
1

2
2
G0(x)V 0x(x),

satisfy

min
u

max
w

h
q(x) + r(x)u2 � 
2w0w + _V (x)

i
= 0

and the dissipation inequality

_V = �q(x) � r(x)u2 + 
2w0w

�
2 jw � �j2 + r(x) (u� �)2

� �q(x) � r(x)u2 + 
2w0w:

Thus, the L2 -gain from the disturbance w to the controlled
output is bounded from above by 
. The controlled out-
put, sometimes called the regulation output, is de�ned as
z = H11(x)x+H12(x)u such that q(x) = x0H 0

11(x)H11(x)x,
r(x) = H 0

12(x)H12(x), and H 0
12(x)H11(x) = 0. Further-

more, C1 � H11(0) and D1 � H12(0).

IV. Locally Optimal Backstepping Design

The new locally optimal backstepping design is presented
in four parts. First, we introduce a factorization of the so-
lution to the generalized algebraic Riccati equation (GARE)
for the linear H1 -design. This factorization is instrumen-
tal in a recursive backstepping procedure resulting in the
same linear control law as in the linear H1 -design. We
then augment this recursive backstepping procedure to in-
corporate the remaining nonlinearities at each step. Fi-
nally, we construct the state and control penalties q(x) and
r(x), and the control law which achieves global inverse op-
timality.

A. Factorization of the Linear H1 -Design

The objective of the H1 -design for the linear part of
system (1),

_x = Ax+B1wl +B2ul; (8)

is to �nd the controller which minimizes the cost (2) for the
worst-case disturbance. We are assured that the required
unique positive de�nite solution P = P 0 > 0 of the GARE

0 = PA+A0P + P

�
1


2
B1B

0
1 �B2R

�1B02

�
P +Q (9)

exists for all 
 > 
� > 0 because (A;B2) is controllable and
(A;Q) is observable [12]. The worst-case optimal control
law for the cost functional (2) is

ul = �l(x) := �R�1B02Px; (10)

and the corresponding worst-case disturbance is wl =

�l(x) :=
1


2
B01Px.

A factorization of P which will make the H1 -design
suitable for backstepping is P = L0�L, where L and � are

L :=

2
66664

1 0 � � � 0

��11 1
. . .

...
...

. . .
. . . 0

��n�1;1 � � � ��n�1;n�1 1

3
77775 ; (11)

� := diag(Æ1; : : : ; Æn);

with Æi > 0 for i = 1; : : : ; n. It is a matter of simple
matrix algebra to show that �1=2L = U 0

�1
where U is

the unique Cholesky factor of P�1 = U 0U . Therefore, the
above pair (�; L) is unique. Furthermore, under the state
transformation z = Lx, the matrix L has the following
property.
Property 1: For 1 � k � n: z[k] = L[k]x[k] where L[k] is

invertible. �
Applying the transformation z = Lx to the linear system
(8) we obtain

_z = �Az + �B1wl +B2ul; �A = LAL�1; �B1 = LB1: (12)

Due to the structure of L, the structure of �A is identical to
that of A.

Property 2: For 1 � k < n: _z[k] = �A[k]z[k] +

2
64

0
...

zk+1

3
75 +

�B1[k]wl. �
In the GARE (9) we replace P with L0�L and, upon

the pre-multiplication by L0
�1

and post-multiplication by
L�1, we obtain

0 = � �A+ �A0�+�

�
1


2
�B1

�B01 �B2R
�1B02

�
�+ �Q; (13)

where �Q = L0
�1
QL�1 > 0. In this way we discover an

important property of the transformed GARE (13).
Property 3: For 1 � k < n: 0 = �A0[k]�[k] + �[k]

�A[k] +
1


2
�[k]

�B1[k]
�B01[k]�[k] + �Q[k]. �

A consequence of Property 3 is that �A[k] is Hurwitz for
k = 1; : : : ; n�1. Furthermore, for all k such that 1 � k < n,

2z0[k]�[k]
�A[k]z[k] = �z0[k] �Q[k]z[k] � 
2��0lk��lk; (14)

where ��lk(z[k]) :=
1


2
�B01[k]�[k]z[k].

The transformed GARE (13) implies that �V = z0�z is
the value function of the game

min
ul

max
wl

Jl(ul; wl)

for the linear system (12) and cost functional

Jl(ul; wl) =

Z 1

0

[z0 �Qz +Ru2l � 
2w0lwl]dt: (15)
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The function �V (z) can also be considered as a Lyapunov
function and as a storage function. To derive the underly-
ing dissipation inequality, we add 
2w0lwl�
2w0lwl+Ru2l �
Ru2l � 0 to the derivative of �V , complete the squares with
respect to both ul and wl, to obtain

_�V = �z0 �Qz �Ru2l + 
2w0lwl

�
2 jwl � ��lj2 +R (ul � ��l)
2

� �z0 �Qz �Ru2l + 
2w0lwl;

where the �rst equality is arrived at by utilizing the alge-
braic relationship (13), and the last inequality is guaran-
teed by the control law ul = ��l(z) := �R�1B02�z. The
corresponding worst-case disturbance is given by ��l(z) :=
1


2
�B01�z.

B. Linear Backstepping: Local Optimality

We now describe a linear backstepping procedure which
is preparatory for the more diÆcult nonlinear design. In
linear backstepping we restrict ourselves to the linear part
(8) of the nonlinear system (1). We construct linear virtual
controllers of the form �i(x[i]) = �[i]x[i], where the �[i]'s
are de�ned as

�[i] :=
�
�i1 � � � �ii

�
i = 1; : : : ; n� 1;

with �[0] = 0 and �[n] := 00n. Here the f�ijg's are the ele-
ments of the matrix L speci�ed in (11). Next we introduce
the \error coordinates"

z1 = x1

zi = xi � �[i�1]x[i�1] i = 2; : : : ; n;

given by the transformation z = Lx. At each step i of
the backstepping procedure we select the positive de�nite
Lyapunov function

�Vi(z[i]) = �Vi�1(z[i�1]) + Æiz
2
i ;

�V0 := 0; i = 1; : : : ; n:

At step i = n we get �V = z0�z, the solution of the HJI
equation corresponding to the GARE (13). To describe the
steps of this recursive procedure we �rst rewrite system (8)
as

_xi = a[i]x[i] + xi+1 + biwl i = 1; : : : ; n� 1;

_xn = a[n]x[n] + bnwl + ul;

where a[i] :=
�
ai1 : : : aii

�
. We also de�ne the row vector

��[i] as

��[i] := �[i]L
�1
[i] i = 1; : : : ; n;

noting that L�1[i] := (L[i])
�1
.

Step 1: De�ne z1 = x1. Select ��1(z[1]) = ��[1]z[1] as the
virtual control law for x2, and �V1 = z0[1]�[1]z[1] as its value

function. Since L[1] = 1, the dynamics of z1 are

_z1 = (a[1] + ��[1])z[1] + (x2 � ��1) + b1wl:

From Property 2 for k = 1, we see that the z1-subsystem
can be written as

_z1 = �a[1]z[1] + z2 +�b1wl; �a[1] = a[1] + ��[1]; �b1 = b1:

Adding 
2w0lwl � 
2w0lwl = 0 to the derivative of �V1, com-
pleting the squares with respect to wl, and using (14) we
obtain

_�V 1 = �z0[1] �Q[1]z[1] + 
2w0lwl � 
2 jwl � ��l1j2 + 2z1Æ1z2;

where ��l1(z[1]) :=
1


2
�b01Æ1z1 =

1


2
�B01[1]�[1]z[1]. If z2 �

0, then �V1 � 0 is a storage function with supply rate
�z0[1] �Q[1]z[1] + 
2w0lwl. Therefore, by the results of [19],

we have z1(t)! 0 as t!1 for all w(t) 2 L2 , and z1(t) is
bounded for all w(t) 2 L1 . In the absence of a disturbance
z1 = 0 is GAS.

Step i: De�ne zi = xi � ��i�1(z[i�1]) and select the
value function for this step to be �Vi = �Vi�1 + Æiz

2
i =

z0[i]�[i]z[i]. From the preceding step, the dynamics of the

z[i�1]-subsystem are described by Property 2 for k = i� 1.
The derivative of �Vi�1 is expressed as

_�V i�1 = �z0[i�1] �Q[i�1]z[i�1] + 
2w0lwl

�
2 jwl � ��l;i�1j2 + 2zi�1Æi�1zi;

where ��l;i�1(z[i�1]) :=
1


2
�B01[i�1]�[i�1]z[i�1]. The dynam-

ics of zi are given by

_zi = a[i]L
�1
[i] z[i] + xi+1 + biwl

� @ ��i�1
@z[i�1]

�
�A[i�1]z[i�1] +

�
0i�2
zi

�
+ �B1[i�1]wl

�
:

Selecting for xi+1 the virtual control law ��i(z[i]) = ��[i]z[i]
we get

_zi = �a[i]z[i] + zi+1 +�biwl;

where we have used Properties 1 and 2 to establish the
identities

�a[i] = a[i]L
�1
[i] + ��[i] �

h
��[i�1] �A[i�1]

��i�1;i�1
i
(16a)

�bi = bi � ��[i�1] �B1[i�1]: (16b)

The term ��i�1;i�1 is de�ned as the (i � 1)st element of
��[i�1]. The derivative of �Vi at this step is

_�V i = �z0[i] �Q[i]z[i] + 
2w0lwl � 
2 jwl � ��lij2 + 2ziÆizi+1;

where

��li(z[i]) := ��l;i�1 +
1


2
�b0iÆizi =

1


2
�B01[i]�[i]z[i]

and the dynamics of the z[i]-subsystem are described by
Property 2 for k = i. When zi+1 � 0, �Vi � 0 is a storage
function with supply rate �z0[i] �Q[i]z[i] + 
2w0lwl. By the



EZAL, PAN AND KOKOTOVI�C: LOCALLY OPTIMAL AND ROBUST BACKSTEPPING DESIGN 5

results of [19], for all w(t) 2 L2 , we have z[i](t) ! 0 as
t ! 1, and z[i](t) is bounded for all w(t) 2 L1 . In the
absence of a disturbance, the z[i]-subsystem is GAS.

Step n: At the �nal step of the linear backstepping pro-
cedure, we de�ne zn = xn � ��n�1(z[n�1]) and choose

�V = �Vn�1 + Ænz
2
n = z0�z

as the value function. The dynamics of zn are given by

_zn = a[n]L
�1z + bnwl + ul

� @ ��n�1
@z[n�1]

�
�A[n�1]z[n�1] +

�
0n�2
zn

�
+ �B1[n�1]wl

�
:

Using the identity (16) with i = n, we rewrite the zn-
dynamics as _zn = �a[n]z + �bnwl + ul: Therefore, the trans-
formed system is now described by (12). Finally, after a
completion of squares with respect to both ul and wl, we
get

_�V = �z0 �Qz �Ru2l + 
2w0lwl

�
2 jwl � ��lj2 +R (ul � ��l)
2
;

where ��l(z) := ��l;n�1 +
1


2
�b0nÆnzn =

1


2
�B01�z is the worst-

case disturbance. The control law

��l(z) := �R�1B0�z (17)

is the H1 -controller (10) in the z-coordinates. When ul =
��l(z), we obtain

_�V = �z0 �Qz �Ru2l + 
2w0lwl � 
2 jwl � ��lj2
� �z0 �Qz �Ru2l + 
2w0lwl:

By this construction, �V (z) is the solution to the HJI equa-
tion corresponding to the GARE (13). We have therefore
successfully completed the linear backstepping procedure
which stabilizes system (8) while minimizing the cost func-
tional (2) for the worst-case disturbance ��l(z).

C. Nonlinear Backstepping: Global Properties

The nonlinear backstepping design procedure builds
upon the linear procedure described in the previous sec-
tion. At each step of the design we select as our virtual
control the same terms as in the linear case and add a
term to cancel the nonlinearities and to attenuate the dis-
turbance. The cancellations are only employed to simplify
the presentation. The procedure can be modi�ed to avoid
canceling bene�cial nonlinearities. With the completion of
each step, a new state zi = �i(x[i]) is de�ned by our choice
of the virtual control law from the previous step. At the
last step, this construction results in the lower-triangular
di�eomorphism z = �(x) and control Lyapunov function
(CLF) �V (z).

Step 1: De�ne z1 = �1(x1) := x1 and select �V1 =
z0[1]�[1]z[1] > 0 as the value function. Since x[1] =

��1[1] (z[1]) = z[1], the z[1]-subsystem is

_z1 = a[1]z[1] + �f1(z[1]) + x2 + g1(z[1])w:

The recursive design of the nonlinear control law begins
by adding a nonlinear term ��1(z[1]) to the linear virtual
control law for x2, that is ��1(z[1]) = ��[1]z[1] + ��1(z[1]):
Using (16) with i = 1 we get

_z1 = �a[1]z[1] + �f1(z[1]) + (x2 � ��1(z[1])) + �g1(z[1])w

_�V 1 = 2z0[1]�[1]

�
�a[1]z[1] + �f1 + (x2 � ��1) + �g1w

�
;

where �f1(z[1]) := ��1(z[1])+ �f1(z[1]), and �g1(z[1]) := g1(z[1]).

Adding 
2w0w� 
2w0w � 0 to _�V 1, completing the squares
with respect to w, and using (14) with k = 1, we �nd

_�V 1 = �z0[1] �Q[1]z[1] + 
2w0w � 
2 jw � ��1j2

+2z0[1]�[1]

�
�f1 +

1

2
2
�
�g1�g

0
1 � �b1�b

0
1

�
�[1]z[1]

�
+2z1Æ1(x2 � ��1);

where ��1(z[1]) :=
1


2
�g01(z1)Æ1z1 =

1


2
�G01[1](z[1])�[1]z[1].

Now we select ��1 to cancel the term in the brackets:

��1 = � �f1 � 1

2
2
�
�g1�g

0
1 � �b1�b

0
1

�
�[1]z[1]

) �f1 = � 1

2
2
�
�g1�g

0
1 � �b1�b

0
1

�
�[1]z[1];

which brings _�V 1 to the desired dissipativity form

_�V 1 = �z0[1] �Q[1]z[1] + 
2w0w � 
2 jw � ��1j2
+2z1Æ1(x2 � ��1)

= �z0[1] �Q[1]z[1] � 
2��01��1 + 2
2��01w

+2z1Æ1(x2 � ��1):

Indeed, the dissipation inequality _�V 1 � �z0[1] �Q[1]z[1] +


2w0w is satis�ed when x2 � ��1(z[1]). Therefore, �V1 � 0 is
a storage function with supply rate �z0[1] �Q[1]z[1] + 
2w0w

and the z[1]-subsystem has been stabilized. Furthermore,
for all w(t) 2 L2 , we have z[1](t) ! 0 as t ! 1 [19]. In
the absence of a disturbance, the equilibrium z[1] = 0 of
the �rst nonlinear subsystem is GAS.

Step i: De�ne zi = �i(x[i]) := xi � ��i�1(z[i�1]) where
��i�1(z[i�1]) = ��[i�1]z[i�1] + ��i�1(z[i�1]), and select the
value function �Vi = �Vi�1 + Æiz

2
i = z0[i]�[i]z[i] > 0. In the

recursion, we assume that the preceding step results in

_z[i�1] = �A[i�1]z[i�1] +

�
0i�2
zi

�
+ �f[i�1](z[i�1])

+ �G1[i�1](z[i�1])w;

and

_�V i�1 = �z0[i�1] �Q[i�1]z[i�1] + 
2w0w � 
2 jw � ��i�1j2
+2zi�1Æi�1zi

= �z0[i�1] �Q[i�1]z[i�1] � 
2��0i�1��i�1 + 2
2��0i�1w

+2zi�1Æi�1zi

= 2z0[i�1]�[i�1]
�A[i�1]z[i�1] + 
2��0l;i�1��l;i�1

�
2��0i�1��i�1 + 2
2��0i�1w + 2zi�1Æi�1zi;
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where ��i�1(z[i�1]) :=
1


2
�G01[i�1](z[i�1])�[i�1]z[i�1]. The zi-

dynamics are given by

_zi = a[i]�
�1
[i] (z[i]) +

�fi(�
�1
[i] (z[i])) + xi+1

+gi(�
�1
[i] (z[i]))w �

@ ��i�1
@z[i�1]

�
�A[i�1]z[i�1] +

�
0i�2
zi

�
+ �f[i�1](z[i�1]) + �G1[i�1](z[i�1])w

�
;

where we have used x[i] = ��1[i] (z[i]). We now select

��i(z[i]) = ��[i]z[i] + ��i(z[i]) as the virtual control for xi+1
and, using (16), obtain the zi-dynamics

_zi = �a[i]z[i] + �fi(z[i]) + (xi+1 � ��i(z[i])) + �gi(z[i])w;

where

�fi(z[i]) := ��i(z[i]) + a[i] �	[i](z[i]) + �fi(�
�1
[i] (z[i]))

� @ ��i�1
@z[i�1]

�
�A[i�1]z[i�1] +

�
0i�2
zi

��

� @ ��i�1
@z[i�1]

�f[i�1](z[i�1])

�gi(z[i]) := gi(�
�1
[i] (z[i]))�

@ ��i�1
@z[i�1]

�G1[i�1](z[i�1]);

and �	[i](z[i]) := ��1[i] (z[i]) � L�1[i] z[i] contains only higher-

order terms. Therefore, the z[i]-dynamics is given by

_z[i] = �A[i]z[i] + �f[i](z[i]) + �G1[i](z[i])w +

�
0i�1

xi+1 � ��i

�
:

Using the identity

z0[i]�[i]
�A[i]z[i] = z0[i�1]�[i�1]

�A[i�1]z[i�1]

+zi�1Æi�1zi + ziÆi�a[i]z[i];

we obtain

_�V i = 2z0[i]�[i]
�A[i]z[i] + 
2��0l;i�1��l;i�1 � 
2��0i�1��i�1

+2
2��0iw + 2ziÆi
�
�fi + (xi+1 � ��i)

�
; (18)

where ��i(z[i]) := ��i�1+
1


2
�g0iÆizi =

1


2
�G01[i](z[i])�[i]z[i]. Us-

ing the GARE identity (14),

_�V i = �z0[i] �Q[i]z[i] � 
2
�
��0li��li � ��0l;i�1��l;i�1

�
�
2��0i�1��i�1 + 2
2��0iw + 2ziÆi

�
�fi + xi+1 � ��i

�
:

We now add 
2w0w�
2w0w � 0, and complete the squares
with respect to w,

_�V i = �z0[i] �Q[i]z[i] + 
2w0w � 
2 jw � ��ij2

+
2
�
��0i��i � ��0i�1��i�1

�� 
2
�
��0li��li � ��0l;i�1��l;i�1

�
+2ziÆi �fi + 2ziÆi(xi+1 � ��i)

= �z0[i] �Q[i]z[i] + 
2w0w � 
2 jw � ��ij2

+2ziÆi[ �fi +
�
�gi��i�1 � �bi��l;i�1

�
+

1

2
2
�
�gi�g

0
i � �bi�b

0
i

�
Æizi] + 2ziÆi(xi+1 � ��i):

Then we select ��i to cancel the term in the brackets:

��i(z[i]) = �a[i] �	[i](z[i])� �fi(�
�1
[i] (z[i]))

+
@ ��i�1
@z[i�1]

�
�A[i�1]z[i�1] +

�
0i�2
zi

��

+
@ ��i�1
@z[i�1]

�f[i�1](z[i�1])�
�
�gi��i�1 � �bi��l;i�1

�
� 1

2
2
�
�gi�g

0
i � �bi�b

0
i

�
Æizi

) �fi = � ��gi��i�1 � �bi��l;i�1
�� 1

2
2
�
�gi�g

0
i � �bi�b

0
i

�
Æizi:

This results in the dissipative form of _�V i:

_�V i = �z0[i] �Q[i]z[i] + 
2w0w � 
2 jw � ��ij2
+2ziÆi(xi+1 � ��i)

� �z0[i] �Q[i]z[i] + 
2w0w + 2ziÆi(xi+1 � ��i):

Indeed, when xi+1 � ��i(z[i]), �Vi � 0 is a storage function
with supply rate �z0[i] �Q[i]z[i] + 
2w0w. Therefore, z[i](t) is

globally bounded for all w(t) 2 L1 , and for all w(t) 2
L2 , we have z[i](t) ! 0 as t ! 1. In the absence of a
disturbance, the equilibrium z[i] = 0 is GAS.

Step n: For the �nal step we de�ne zn = �n(x) := xn �
��n�1(z[n�1]), and select �V = �Vn�1 + Ænz

2
n = z0�z > 0.

Then

_zn = a[n]�
�1(z) + �fn(�

�1(z)) + u+ gn(�
�1(z))w

� @ ��n�1
@z[n�1]

�
�A[n�1]z[n�1] +

�
0n�2
zn

�
+ �f[n�1](z[n�1]) + �G1[n�1](z[n�1])w

�
;

which can be rewritten as

_zn = �a[n]z + �fn(z) + �gn(z)w + u;

where �a[n] is de�ned by formula (16) for i = n, and

�fn(z) := a[n] �	(z) + �fn(�
�1(z))

� @ ��n�1
@z[n�1]

�
�A[n�1]z[n�1] +

�
0n�2
zn

��

� @ ��n�1
@z[n�1]

�f[n�1](z[n�1])

�gn(z) := gn(�
�1(z))� @ ��n�1

@z[n�1]
�G1[n�1](z[n�1]):

�	(z) := ��1(z) � L�1z contains only higher-order terms.
With this procedure we have completed the construction of
the di�eomorphism z = �(x) and transformed the original
system (1) into the form

_z = �Az + �f(z) + �G1(z)w +B2u: (19)

The linear part of this di�eomorphism is Lx, that is
z = Lx + ��(x), where ��(x) := �(x) � Lx contains only
higher-order terms. Thus, in both z and x coordinates, the
properties of the linearized systems are the same.
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D. Inverse Optimal Design

We now complete the design by constructing a nonlin-
ear control law which attenuates the e�ects of the harmful
nonlinearities and disturbance, and achieves global inverse
optimality. The properties of the constructed control law
are summarized in the following theorem.
Theorem 1: There exists a positive de�nite function

�q(z) and a strictly positive function �r(z) with properties
�qzz(0) = �Q = �Q0 > 0 and �r(0) = R > 0, such that the
feedback control law

u = ��(z) := ��r�1(z)B02�z; (20)

applied to the system (19) achieves local optimality with
respect to the cost functional (15) and global inverse opti-
mality with respect to a cost functional of the form

J(u;w) =

Z 1

0

�
�q(z) + �r(z)u2 � 
2w0w

�
dt; (21)

for the worst-case disturbance w = ��(z) :=
1


2
�G01(z)�z.

Furthermore, z(t) ! 0 as t ! 1 for all w(t) 2 L2 , and
z(t) 2 L1 for all w(t) 2 L1 . In the absence of a distur-
bance, w � 0, the control law (20) renders the equilibrium
z = 0 globally asymptotically stable (GAS) and locally
exponentially stable (LES).

Proof: The CLF �V = z0�z > 0 for system (19), con-
structed through the backstepping procedure of Section IV-
C, has the derivative given by the formula (18) with i = n

and xn+1 := u, ��n := 0, namely

_�V = 2z0� �Az + 
2��0l;n�1��l;n�1 � 
2��0n�1��n�1

+2
2��0w + 2znÆn
�
�fn + u

�
;

where ��(z) := ��n�1 +
1


2
�g0nÆnzn =

1


2
�G01(z)�z. Using the

GARE identity (13), we reduce _�V to

_�V = �z0 �Qz +R�1Æ2nz
2
n

�
2��0n�1��n�1 � 
2
�
��0l ��l � ��0l;n�1��l;n�1

�
+2
2��0w + 2znÆn

�
�fn + u

�
:

Adding �r(z)u2 � �r(z)u2 + 
2w0w � 
2w0w � 0, and com-
pleting the squares with respect to both u and w we obtain

_�V = �z0 �Qz � �r(z)u2 + 
2w0w � 
2 jw � ��j2
+�r(z) (u� ��)

2 � ��r�1(z)�R�1
�
Æ2nz

2
n

+
2
�
��0�� � ��0n�1��n�1

�� 
2
�
��0l��l � ��0l;n�1��l;n�1

�
+2znÆn �fn;

= �z0 �Qz � �r(z)u2 + 
2w0w � 
2 jw � ��j2
+�r(z) (u� ��)

2 � ��r�1(z)�R�1
�
Æ2nz

2
n + 2znÆn��;

where ��(z) is de�ned by (20), and ��(z) contains only
higher-order terms:

��(z) := �fn +
�
�gn��n�1 � �bn��l;n�1

�
+

1

2
2
�
�gn�g

0
n � �bn�b

0
n

�
Ænzn:

The functions �r(z) and �q(z) are to be selected to satisfy
the dissipation inequality

_�V � ��q(z)� �r(z)u2 + 
2w0w; (22)

and to achieve global inverse optimality with respect to cost
functional (21). For a meaningful cost J(u;w), we restrict
�q(z) to be positive de�nite and �r(z) to be positive for all z.
Furthermore, we achieve local optimality by letting �r(0) =
R > 0 and �qzz(0) = �Q = �Q0 > 0. One such choice of �q(z)
is

�q(z) := z0 �Qz +
�
�r�1(z)� R�1

�
Æ2nz

2
n � 2znÆn��; (23)

where �r(z) > 0 is to be constructed such that �q(z) is posi-
tive de�nite and �r(0) = R.
We begin to construct �r(z) by factoring out the terms of

��(z) and z0 �Qz that depend on zn:

��(z) = ��1(z[n�1])z[n�1] + ��2(z)zn

z0 �Qz =
�
z0[n�1] zn

� � �Q[n�1] �q1
�q01 �q2

��
z[n�1]
zn

�
;

where ��1(0) = 0 and ��2(0) = 0. Next, we complete the
squares in (23) with respect to z[n�1] and select �r(z) to
dominate only those terms in �q(z) which are negative and
which have not already been dominated by other positive
terms:

�q(z) =
���z[n�1] + �Q�1[n�1](�q1 � ��01Æn)zn

���2
�Q[n�1]

+
�
�q2 � �q01 �Q

�1
[n�1]�q1

�
z2n

+(�r�1(z)�R�1 � ��(z))Æ2nz
2
n;

where

��(z) := ��1 �Q
�1
[n�1]��

0
1 � 2�q01 �Q

�1
[n�1]Æ

�1
n ��01 + 2Æ�1n ��2: (24)

Clearly ��(0) = 0. If �r�1(z) � R�1 + ��(z), then �q(z) is
guaranteed to be positive for all z 6= 0, in fact,

�q(z) �
(

�min
�
�Q[n�1]

� ��z[n�1]��2 : zn = 0�
�q2 � �q01

�Q�1[n�1]�q1

�
jznj2 : zn 6= 0

)
> 0;

for all z 6= 0. Moreover, if �r(0) = R then �qzz(0) = �Q.
Therefore, any positive function �r(z) > 0 such that �r(0) =
R and �r�1(z) � R�1+ ��(z) will achieve our dual objective
of local optimality and global inverse optimality.
Although the state penalty function �q(z) is guaranteed

to be positive de�nite, it may not be radially unbounded.
If we require �q(z) to be radially unbounded, then we must
insure that �r�1(z) � R�1 + ��(z) + ��r(z[n�1]) � R�1 +
��(z), where ��r(z[n�1]) is any positive de�nite and radially
unbounded function such that ��r(0) = 0. If this is the case,
then we simply absorb the function ��r(z[n�1]) into ��(z),

��(z) + ��r(z[n�1])! ��(z);
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and continue with the design process. One particular

choice, ��r(z[n�1]) =
��z[n�1]��2, guarantees the existence of a

positive constant cq such that �q(z) � cq �V (z) for all z 2 IRn.
We identify two particular choices of �r(z). The �rst

choice is

�r(z) :=
�p

R�2 + ��2(z) + ��(z)
��1

:

It is clear that �r(z) is a smooth and positive function,
�r(0) = R, and �r�1(z) � R�1 + ��(z), 8z 2 IRn. The second
choice,

�r(z) :=

8<
:
�
R�1 + ��(z)

��1
: ��(z) � 0

R : �R�1 � ��(z) < 0
��(��)R : ��(z) < �R�1;

(25)

requires �r�1(z) to dominate R�1 + ��(z) only when nec-
essary, and is therefore leaner than the �rst. However,
it may not be di�erentiable everywhere. The function
��(��) can be any continuous and strictly positive function
such that ��(�R�1) = 1. One such function is ��(��) :=

1 +
��R�1 + ��(z)

��k for any k > 0. For either of the two
choices,

_�V = ��q(z)� �r(z)u2 + 
2w0w

�
2 jw � ��j2 + �r(z) (u� ��)2 : (26)

It is obvious from (26) that the optimal control u = ��(z)
and the worst-case disturbance w = ��(z) satisfy

min
u

max
w

h
�q(z) + �r(z)u2 � 
2w0w + _�V (z)

i
= 0;

and that �V (z) satis�es the dissipation inequality (22) and
the HJI equation

0 = �q(z) + �Vz(z)
�
�Az + �f(z)

�
+

1

4
�Vz(z)

�
1


2
�G1(z) �G

0
1(z)�B2�r

�1(z)B02

�
�V 0z (z):

Therefore, �V (z) is the value function for the cost functional
(21). Likewise, V (x) =: �V (�(x)) is the value function in
the x-coordinates.
If �q(z) is radially unbounded, then the system is input-

to-state stable [10] from w to z. Hence, the system state
remains bounded for all bounded disturbances. Further-
more, since _�V � ��q(z) + 
2w0w and �q(z) is zero only if
z = 0, we have z(t) 2 L1 and z(t) ! 0 (x(t) ! 0) as
t!1 whenever w(t) 2 L2 [19]. A summary of the design
procedure is found in Table I

V. Example

We illustrate the steps of the design procedure on the
simple nonlinear system

_x1 = x21 + x2 + w

_x2 = u; (27)

and cost functional

J =

Z 1

0

�
x21 + x22 + u2 � 52w2

�
dt:

Let us �rst examine the stability properties of the H1 -
optimal controller for the linearized system

_x1 = x2 + w

_x2 = u: (28)

The optimal attenuation level for this problem is 
� = 1:27.
Since 
 = 5 > 
�, the GARE (9) has a unique positive

de�nite solution P =

�
1:82 1:06
1:06 1:78

�
> 0, and the optimal

controller (10) for (28) is

u = �B0Px = �1:06x1 � 1:78x2: (29)

When controller (29) is applied to the nonlinear system
(27), the resulting feedback system is

_x1 = x21 + x2 + w

_x2 = �1:06x1 � 1:78x2:

The disturbance-free phase-portrait of this system is rep-
resented by the dashed trajectories in Figure 1. The key
instability property is the presence of an unstable equilib-
rium (saddle-point) at x1 = 0:60, x2 = �0:35. As shown
in Figure 1, the stability boundary of the desired equilib-
rium x1 = x2 = 0 is the stable manifold of the saddle-point
equilibrium denoted by Ms. The region of attraction of
x = 0 is to the left of this manifold. All trajectories to the
right of Ms are unbounded. For initial conditions in the
region of attraction which are close to the manifold Ms,
the transient performance is poor. Under the action of the
worst-case disturbance, the region of attraction would be
much smaller.

−0.2 0 0.2 0.4 0.6 0.8
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

 x
2

 x
1

←  M
s

 A →
Linear

Fig. 1. Linear Phase-Plane Trajectories.

When a linear optimal design fails as in the above exam-
ple, the design presented in this paper provides a system-
atic way to improve both the performance and stability.
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We now proceed with the new design in which we �rst re-
cover (29) as the linear part of the nonlinear controller. As
shown in Section IV-A the key to achieving local optimal-
ity in backstepping designs is the factorization P = L0�L
of the positive de�nite solution of the GARE (9). The ma-
trices L and � uniquely de�ne the constants �11, Æ1 and
Æ2 which are needed in the locally optimal backstepping
design:

L =

�
1 0

��11 1

�
=

�
1 0
0:6 1

�

and

� =

�
Æ1 0
0 Æ2

�
=

�
1:18 0
0 1:78

�
:

Under the transformation z = Lx, that is z1 = x1,
z2 = x2 + 0:6x1, the optimal control law (17) for the
linear system is u = �B0�z = �1:78z2, or equivalently,
u = �1:78 (0:6x1 + x2) = �1:06x1 � 1:78x2, which is the
same as (29).
Carrying out the �rst step of the locally optimal back-

stepping procedure of Section IV-C, we de�ne z1 =
�1(x1) := x1. Then, as dictated by the linear design and
the factorization of P , we select �V1 = 1:18z21 as the value
function, and ��1(z1) := �0:6z1+ ��1(z1) as the virtual con-
trol law for x2. Adding 25w2 � 25w2 � 0 to the derivative
of �V1, and completing the squares with respect to w, we
compute

_�V 1 = �1:36z21 + 25w2 � 25 (w � ��1)
2

+2:36z1
�
z21 + ��1

�
+ 2:36z1 (x2 � ��1) ;

where ��1(z1) := 0:05z1. The nonlinear virtual control term
��1(z1) is selected to cancel the nonlinearity in brackets,
that is, ��1(z1) = �z21 . Now,

_�V 1 = �1:36z21 + 25w2 � 25 (w � ��1)
2

+2:36z1 (x2 � ��1) ;

and when x2 � ��1(z1), �V1 satis�es the dissipation inequal-
ity

_�V 1 � �1:36z21 + 25w2:

At the second step, we de�ne z2 = �2(x) := x2 � ��1(z1)
and select �V = �V1 + 1:78z22 as the value function. With
this �nal step we have constructed the di�eomorphism

z :=

�
x1

0:6x1 + x2 + x21

�
= �(x) = Lx+

�
0
x21

�
: (30)

Because the linear part of the (30) is z = Lx, the local
properties of the linear design are preserved. Using (30), we
obtain the nonlinear system dynamics in the z-coordinates:

_z1 = �0:6z1 + z2 + w

_z2 = �0:36z1 + 0:6z2 � 1:2z21 + 2z1z2 + u

+(2z1 + 0:6)w:

The derivative of the value function �V is

_�V = 2z0� �Az + 50��w + 3:56
��1:19z21 + 2z1z2 + u

�
z2;

where �A = LAL�1 =

� �0:6 1
�0:36 0:6

�
and the worst-case

disturbance is

��(z) := ��1 + 0:07 (2z1 + 0:6) z2

= 0:05z1 + 0:04z2 + 0:14z1z2:

Using the GARE identity (13) with �Q = L0
�1
QL�1 =�

1:36 �0:6
�0:6 1

�
, and completing the squares with respect to

both w and u, we obtain

_�V = ��q(z)� �r(z)u2 + 25w2

�25 (w � ��)
2
+ �r(z) (u� ��)

2
;

where

��(z) := �1:78�r�1(z)z2; (31)

and

�q(z) := z0 �Qz + 3:17
�
�r�1(z)� 1

�
z22

�3:56��1(z1)z1z2 � 3:56��2(z)z
2
2

��1(z1) := �1:10z1
��2(z) := 2:08z1 + 0:09z21:

After completing the squares in �q(z) with respect to z1, we
de�ne ��(z) as prescribed by (24): ��(z) = 1:8z1 + 1:05z21.
We now rewrite �q(z) as

�q(z) = 1:36 (z1 � 0:44z2 + 1:44z1z2)
2
+ 0:74z22

+3:17(�r�1(z)� 1� ��(z))z22 :

If �q(z) needs to be radially unbounded, or w(t) 2 L1 ,
then we let ��(z) + ��r(z1) ! ��(z) where ��r(z) := z21 , and
continue with the design process.
The feedback law (31) will stabilize the system with ei-

ther of the two choices for �r(z) introduced in Section IV-D.
We select �r(z) as de�ned by (25) with ��(��) = 1 and the
feedback control law (31) becomes

u =

� �1:78 (1 + ��(z)) z2 : ��(z) � 0
�1:78z2 : ��(z) < 0:

(32)

Since �(x) := ��(�(x)), we can write (32) in the x-
coordinates (7) as

u =

��1:78 (1 + �(x))
�
0:6x1 + x2 + x21

�
: �(x) � 0

�1:78 �0:6x1 + x2 + x21
�

: �(x) < 0:
(33)

Solid trajectories in Figure 2 represent the phase-portrait
of the disturbance-free system (27) controlled by the non-
linear controller (33). Unlike the linear controller, trajec-
tories of the nonlinear controller remain bounded for all
initial conditions. The nonlinear controller achieves not
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Fig. 2. Phase-Plane Trajectories.

only global asymptotic stability, but it also improves the
performance without an increase in control e�ort. This
is illustrated in Figure 3 for trajectory A which is close
to the stability boundary Ms. The control e�ort required
by both the linear and nonlinear controllers is comparable.
As shown in Figure 4, the states of the system driven by
the nonlinear controller converge to zero much faster than
those of the system driven by the linear controller. This
di�erence is more pronounced when the initial condition is
closer to Ms. The local optimality is illustrated in Figure
2 by the fact that the trajectories of both controllers are
almost identical for initial conditions close to the origin.

In the presence of a bounded disturbance, the nonlin-
ear controller (33) guarantees boundedness, and the L2 -
gain from the disturbance w to the controlled output

z =
�
q(x) + r(x)u2

�1=2
is bounded from above by 
 = 5.

Thus, since qxx(0) = I and r(0) = 1, the nonlinear con-
troller has preserved the good local properties of the linear
controller while attaining robust stability.

VI. Conclusions

The new backstepping procedure presented in this pa-
per simultaneously achieves several design objectives: lo-
cal optimality with respect to a prescribed quadratic cost,
global inverse optimality with respect to a cost functional
constructed during the design, and global L2 -disturbance
attenuation. In the presence of a bounded disturbance,
the system state remains bounded if the weighting func-
tion q(x) is designed to be radially unbounded, and when
w(t) 2 L2 , all trajectories converge to zero. In the absence
of a disturbance, global asymptotic stability of the equi-
librium is guaranteed. In this way, the design freedoms of
earlier robust backstepping procedures [4], [8], [9] are now
exploited to systematically improve both performance and
stability properties of nonlinear feedback systems.

The locally optimal backstepping design has been ex-
tended in [14] using a \nonlinear Cholesky factorization"

0 1 2 3 4 5 6 7
−1.8

−1.6

−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

C
on

tr
ol

Time

Linear   
Nonlinear

Fig. 3. Control history for trajectory A.
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which permits the design of control laws that are globally
inverse H1 -optimal and locally H1 -optimal with respect
to non-quadratic cost functionals. The locally optimal de-
sign has also been applied to systems which require vec-

torial backstepping such as ships [20]. The problem of
obtaining local optimality when the linear system is un-
controllable remains to be solved.
Finally, it should be noted that the control laws gener-

ated by the procedure presented in this paper may exhibit
gains in certain regions of the state-space which are unnec-
essarily high. This \hardening" phenomenon is related to
the quadratic choice of the control Lyapunov function, and
can be reduced in standard backstepping through the use
of \
attened" Lyapunov functions [8]. Therefore, as long
as the control Lyapunov function remains quadratic in a
ball containing x = 0, it should be possible to modify the
\
attened" Lyapunov function approach to accommodate
the locally optimal backstepping design, and thus reduce
the a�ects of hardening.
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TABLE I

The design procedure, i = 1; : : : ; n.

Di�eomorphism: Section IV-C, z = �(x)

zi = �i(x[i]) = xi � ��i�1(z[i�1]) = xi � ��[i�1]z[i�1] � ��i�1(z[i�1])

Linear Factorization: Section IV-A, ��l0 := 0

0 = PA+A0P + P

�
1


2
B1B

0
1 �B2R

�1B02

�
P +Q ) P � L0�L > 0

�A = LAL�1; �B1 = LB1; �Q = L0
�1
QL�1

��li =
1


2
�B01[i]�[i]z[i]

L and � determine the value of �ij and Æi for i; j = 1; : : : ; n
Local Design: Section IV-B, �[0] := ;, �[n] := ;

��[i] = �[i]L
�1
[i]

�a[i] � a[i]L
�1
[i] + ��[i] �

h
��[i�1] �A[i�1]

��i�1;i�1
i

�bi � bi � ��[i�1] �B1[i�1]

Global Design: Section IV-C, ��0 := 0, ��n := 0, ��0 := 0

��i = �a[i] �	[i](z[i])� �fi(�
�1
[i] (z[i])) +

@ ��i�1
@z[i�1]

�
�A[i�1]z[i�1] +

�
0i�2
zi

��

+
@ ��i�1
@z[i�1]

�f[i�1](z[i�1])�
�
�gi��i�1 � �bi��l;i�1

�� 1

2
2
�
�gi�g

0
i � �bi�b

0
i

�
Æizi

�fi = ��i(z[i]) + a[i] �	[i](z[i]) + �fi(�
�1
[i] (z[i]))�

@ ��i�1
@z[i�1]

�
�A[i�1]z[i�1] +

�
0i�2
zi

��

� @ ��i�1
@z[i�1]

�f[i�1](z[i�1])

�gi = gi(�
�1
[i] (z[i]))�

@ ��i�1
@z[i�1]

�G1[i�1](z[i�1])

��i = ��i�1 +
1


2
�g0iÆizi

�	[i] = ��1[i] (z[i])� L�1[i] z[i]

Inverse Optimal Design: Section IV-D, J(u;w) =
R1
0

�
�q(z) + �r(z)u2 � 
2w0w

�
dt

�r =
�p

R�2 + ��2(z) + ��(z)
��1

> 0

�q =
���z[n�1] + �Q�1[n�1](�q1 � ��01Æn)zn

���2�Q[n�1]
+
�
�q2 � �q01 �Q

�1
[n�1]�q1

�
z2n + (�r�1 �R�1 � ��)Æ2nz

2
n � 0

�� = ��1 �Q
�1
[n�1]��

0
1 � 2�q01

�Q�1[n�1]Æ
�1
n ��01 + 2Æ�1n ��2 + ��r(z[n�1])

�� = �fn +
�
�gn��n�1 � �bn��l;n�1

�
+

1

2
2
�
�gn�g

0
n � �bn�b

0
n

�
Ænzn � ��1(z[n�1])z[n�1] + ��2(z)zn

��r(z[n�1]) is any positive de�nite and radially unbounded function such that ��r(0) = 0

Control Law: Section IV-D, �V = z0�z � 0

u = ��r�1(z)Ænzn = ��r�1(z)B02�z
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