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1 Introduction

While linear H,, -design is fully developed (Doyle et al., 1989; Basar and
Bernhard, 1995), the development of its nonlinear counterpart has proven to
be much more difficult. Nonlinear H, optimality conditions (van der Schaft,
1993; Lu and Doyle, 1995; Battilotti, 1996) yield either local (Isidori, 1994;
Isidori and Kang, 1995), or infinite dimensional controllers (Bagar and Bern-
hard, 1995; Didinsky et al., 1993; Ball et al., 1993; Krener, 1995; James and
Baras, 1995). Constructive nonlinear designs either do not achieve optimality
(Li, 1997), or do not penalize the cost of control (Tezcan and Bagar, 1999). To
avoid the need to solve the Hamilton-Jacobi-Isaacs (HJI) equation, recent re-
search has concentrated on inverse optimal designs that first find a stabilizing
feedback control law and then determine a cost functional which is minimized
(Freeman and Kokotovié¢, 1996; Krsti¢ and Li, 1998; Ezal et al., 2000). With
such designs, even though stability properties similar to those of an optimal
design are achieved, a prescribed performance level cannot be guaranteed. For
full-state feedback problems, a new backstepping design procedure developed
in Ezal et al. (2000) renders the resulting controller H, -optimal for the lin-
earized system, and globally inverse optimal for the nonlinear system.

In this paper we construct finite dimensional dynamic output-feedback control
laws which achieve local near-optimality and semiglobal inverse optimality
with a prescribed L5 -gain for nonlinear systems in output-feedback form. Such
systems have nonlinearities that depend solely on the measured output. The
design combines the locally optimal backstepping procedure of Ezal et al.
(2000) with the cost-to-come methods for robust estimation (Didinsky et al.,
1993; Pan and Basar, 1998; Tezcan and Basgar, 1999). The main problem is
formulated in Section 2. The design procedure is presented in Section 3 and
followed by an example in Section 4. The paper ends with the concluding
remarks of Section 5 and three appendices. In addition to supporting the
developments in the main sections of the paper, the appendices also contain
substantial material of independent interest. Appendix A summarizes the cost-
to-come method and H, -filtering, while Appendix B provides the solution to a
benchmark problem which is the main problem with the controller also having
access to the derivative of the output. Because of this additional information,
the solution to the benchmark problem sets a lower bound on the cost of
the main problem, and plays a key role in proof of the main result given in
Appendix C.

In the notation we adopt in this paper, Aj; consists of the first ¢ columns and
the first ¢ rows of A € IR™". The same notation is used for xy;, f, Gijj, and

ap = |a; - -- a“} where a;; is the 4, j-th element of A. The zero n-vector is

denoted by 0,, and Agii1y, Aiagit1y and Agigiq1) are defined by
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Ti(t) is the vector formed by stacking up the columns of the matrix IT(¢),
dq 1 0%
¢ () = £(x), Qe () = Ew(x), and d1(€) = O(d2(€)) means that there

exist constants ¢; and ¢y such that |6y (e)| < c2]d2(€)|, whenever |e| < ¢.

2 Problem Formulation

We consider nonlinear systems in output-feedback form

&= Az + f(z1) + Gi(z1)w + Bou (1a)
Y= = 0133', (1b>

where x € IR" is the state, w € IR is the disturbance, u € IR is the
/
control, y € IR is the output, By = [0;11 1] , and A is such that its ith

}. We assume that f(z;) = [fl(g,;l)/ oo fulay) / and

Gi(ry) = {gl(xl)/ gn(xl)’] are sufficiently smooth and fx(O) = 0. In

this structure, (A, Bs) is controllable and (A, C}) is observable. Denoting
/

By = {b’l b’n} := G1(0), we assume that (A, By) is controllable. With

w = 0, we know that this class of systems is globally stabilizable by output-
feedback (Marino and Tomei, 1991; Kanellakopoulos et al., 1991).

row 1is [a[i} 1 0%471

2.1 The Output-Feedback Problem

In the region where the linear dynamics,

= Ax + Byw; + Boyy
y:CLZ',

are valid, the H., disturbance attenuation problem is to design a stabilizing
dynamic output-feedback control law which minimizes, for the worst-case dis-
turbance, the cost functional

Ji(ug,wy) = /0 {x’@x + Ruj — Pwa{wl} dt, (2)



where () > 0 and R > 0 are prespecified. This problem is equivalent to the
linear dynamic game

Ui(2(0)) := min max J;(u;, w;) < oo,
wy UJZ,ZE(O)
where U, (z) is the upper value function. We assume that the optimal attenu-

ation level v* > ( exists and, hence, the desired level of attenuation v > ~* is
achievable.

The nonlinear optimal disturbance attenuation problem for system (1) is to
design a stabilizing dynamic output-feedback control law which minimizes, for
the worst-case disturbance, a cost functional of the form

J(u,w) = /Ooo {q(x) +r(z)u® — 72w’w} dt,

where g(x) > 0 and r(z) > 0 are not specified beforehand, that is, our global
objective is inverse optimality. For the equivalent dynamic game

U(z(0)) := min max J(u,w) < 0o,

u w,x(0)
the function U(z) is the upper value function.

Local Optimality: An inverse optimal feedback control law v = u(y) with
value function U(x) is also locally Hoo -optimal if Uj(x) = &' [Uy(0)] & where
Ui(x) is the Hoo -optimal value function of the linear dynamic game.

Thus, for simultaneous local optimality and global inverse optimality, we im-
pose the requirements ¢,,(0) = @ and r(0) = R.

2.2 Design Methodology

We rely on H, -filtering theory to design a robust observer i=F (y, 2, u),
where & € IR" is the estimate of x, and the estimation error x — & =: Z(t) — 0
as t — oo for any w(t) € Ly. However, the cost-to-come methodology (Ap-
pendix A) requires that the output y depend on a measurement disturbance
in a non-singular way, a requirement not satisfied by system (1). To avoid this
singularity, we introduce a small measurement noise ev,

= Ax + f(y) + G1(y)w + Bou (3a)
\~Cror e )



where € > 0. The optimal solution of the singular noise-free problem (1), if it
exists, is the limit, as € — 0, of the small-noise problem (3).

As in Pan and Basar (1998), the limit as € — 0 is interpreted via a benchmark
noise-free problem in which the output derivative 3 is available for feedback.
Asymptotically, as € — 0, the performance of the H -filter for the small-noise
problem leads to the same performance as the H, -filter for the benchmark
problem. Hence, the solution of this benchmark problem provides a tight lower
bound on the optimum performance for the small-noise problem. The details
of the benchmark problem are in Appendix B. To proceed further, we need to
distinguish the notions of near-optimality and suboptimality.

Near-Optimality: An inverse optimal feedback control law v = u(y) with
value function U(z) is also locally near-optimal if Uj(x) = 2" [Uyp(0)] x + O(€)
where Uj(x) is the Hy -optimal value function of the linear dynamic game.

Suboptimality: An inverse optimal feedback control law uw = u(y) with value
function U(x) is also locally suboptimal if Uj(x) < 2’ [U,,(0)] & where Uy(x) is
the Hso -optimal value function of the linear dynamic game.

Our approach is to replace (2) with

A

Jy(ug, wy) = /0 {f'@li + #'Qy% + Ru} — 72wl'wl} dt, (4)

where Q; and Q, are picked in such a way that, given any Q > 0, 7 Q17 +
#'Qa% > 2'Qu. This results in a near-optimal control law which guarantees the
same level of disturbance attenuation with respect to any cost functional that
is no larger than (4), including (2). We assume that the optimal attenuation
level v* > 0 exists for each e and, hence, v > 77 is achievable. We will also
achieve semiglobal inverse optimality with respect to a cost functional of the
form

A

J(u,w) = / {q(i, &) + 7z, 2)u® — 72w’w} dt, (5)
0
where ¢(Z,2) > 0 and r(Z, ) > 0 are determined a posteriori.

We now introduce three assumptions which will be needed in the design to be
presented in the next section.

Assumption 1 There exists ¢, > 0 such that N(z1) := g1(z1)¢}(21) > ¢, > 0
for all zy € R. In the linear case Ny := bib| > c,.

Assumption 2 Given Q1 = Ql{g} > 0, the filtering GARE



0 = 2 AY + Al —T1° [VQCYiN(;ICYl - Ql} I+~ By By, (6)

with él = |:]_ O;_L_2j|, 1210 = A{Q} — Bl{g}bllN(;lél, and
. _ 1/2
By = (Buigay |1 = VNg'ba| Bipay) ",

admits TI° > 0 such that Ay — v*TI°C{ Ny ' Cy is Hurwitz.

Assumption 3 Given Qs = Qs > 0 and R > 0, the control GARE

1 ~ -
0=PA+ AP, + P, (53131 — BgR‘lB;> Py + Qo, (7)

/
with By = [Ngﬂ f’lo] ,and Ty, = (Bygyb) +4*112C1) Ny 2 admits P, > 0
such that

1

A— (BgRlBg — ¥é1é1> P, and A— B,R'BLP,

are Hurwitz.

3  Main Problem: Locally Near-Optimal Design

As in Pan and Bagar (1998) and Tezcan and Bagar (1999), we obtain the
H -optimal observer for the small-noise system (3). In the limit as ¢ — 0,
this observer becomes the observer obtained for the benchmark problem in
Appendix B.

3.1 Local Design

The H., -optimal filter for the linearization of system (3) is given by

0=TI%(e) A" + AII*(e) — II*°(¢) [Z—jC{Cl - Q1] I1°°(e) + v 2B, B; (8a)

2

&= Ai + —II%(¢)C'¢ + Byu, (8h)



where ( := —C12 = —2;. The optimal control law, which minimizes the cost
€

€
functional (4), is u = (e &) :== —R™'ByP (€)%, where P(e) is the solution of
the control GARE

0=P(e)A+ A'P(e)
,.)/2
=

+P(e) | LI1%°(e)C4CLIT®(€) — BoR™IB)| Ple) 4 Qo. (9)
Symmetric positive definite solutions II1*°(¢) and P(e€) to the filtering GARE
(8a) and the control GARE (9) exist for all v > ~* (Basar and Bernhard,

1995). Both of these equations are singularly perturbed by e. As in Kokotovié
and Yackel (1972) and Pan and Basar (1994), we substitute

0 0 1Ig9 115
I1°°(e) = +e| PR 10
0 IIg° 15y 1155

into the filtering GARE (8a).AThen, collecting like powers of €, we recover
the filtering GARE (6) with C; = Aja2y, and solve it explicitly for I} =
v2N,? > 0 and 1% = 42 (Bl{Q}b’l - 721_[?06’1) Ny 2. Moreover, with B,
defined by Assumption 3, € '1I°(e)C| = 2B, + O(e). Thus, the control
GARE (9) reduces to

0= P(e)A+ A'P(e) + P(e) [%Blél — BQRlBQ] P(e) + Qs+ O(e),

which is a regular O(e) perturbation of GARE (7) and, hence, P(e) = P; +
O(e).

Using matrix inversion identities and e( = x, the value function of this filter-
ing problem, Wi(e;#) = & (I1™(€)) ™" &, is Wi(6; F) = Fpyy (113°) ™' Fzy + Oe).

In view of #; = x; — e and P(¢) = Ps + O(e), the control value function,
/

Vile; #) = ' P(e)2, is Vi(e; &) = 2/ Pax + O(¢), where z := [fl 5%2}} . These
value functions are O(e)-close to the filter value function W;(Z) and the
control value function V;(z) for the benchmark problem of Appendix B. Thus,
the value function for the output-feedback problem, Uj(e; Z, &), is O(e)-close
to the value function (B.6) of the benchmark problem, and

lim Uy(€; &, &) = &gy (1) Eoy + 2/ Poz = Uy, F(ay). (10)

e—0

The local properties of the linear design are summarized as follows.



Lemma 1 For all v > 7, the control law u = (e &) := —R™'ByP(e)z,
applied to the linearization of system (3) with the linear observer (8), is Hao -
optimal with respect to the cost functional (4), and is suboptimal with respect
to the cost functional (2). Furthermore, when w; = 0, the equilibrium (x, %) =
(0,0) is exponentially stable, while for all w)(t) € Ly, all system signals are
bounded and converge to zero ast — oo.

PROOF. The time derivative of the output-feedback value function is

Ul = —f’@lf — .@/QQJAZ' — RUZQ + ’}/QUJZU}[
2 2 2
_’72|wl_yfl| _72(C_V61) + R (u— )",

where the worst-case filtering disturbance is vy, := 7%B{ (I1°°(e)) " &, and the

worst-case control disturbance is v, := $C1I°°(¢) P(€)z. Hence, the control
law uw; = pu(€e; ) minimizes the cost functional (4) for all v > ~*, and the
equilibrium (z,z) = (0,0) is exponentially stable when w; = 0. Moreover,
when w(t) € L all system signals converge to zero as t — oo (Teel, 1999). If
Q; and Q, satisfy #Q1 % + #/Qo% > 2'Qux, then

Uy < —2'Qx — Ruf + y*wjpw, — 2wy — vy [P = 4° (¢ — ve)* + R(u— )?,

which implies that u; = p(€; ) is suboptimal with respect to cost functional
(2), that is, U (x(0)) < U;(¢; 2(0), 2(0)), where

U/ (x(0)) := min max /OO {x’@x + Ruj — PwaZwl} dt (11)
v Jo

Uy w

is the optimal value function associated with the standard linear H, -optimal
control problem. 0O

3.2 Nonlinear Design

The worst-case observer for the nonlinear system (3) is

I1(e) =TI(e) A’ + AlIl(e) — II(e) [Z—EC{Q - @] (e) + v 2G (21)G)(z1) (12)

. . 2
§=Ai+ f(a) + Z—Qn(e)o; (21 — #1) + Bau, (13)



where © = 4 2[I"' MII~* with some design parameter M > 0. Because this
observer is not in strict-feedback form, we consider a reduced-order observer
obtained in the limit as e — 0. Substituting

0 O Ty (t) TI1o(t)
Il(e;t) = +€ + O(é?)
0 II,(t) IT}5(2) Ilaa(t)

into DRE (12) and letting € — 0, we obtain II;; =y 2N'/2(x;) and

I, = LA + Al ~ 11, [*CiN (1) C1 — ©,] 1L, + 7 2B (14)

where él = A12{2}7 @s(Hs) = ")/_QHS_IM{Q}HS_I, H/12 = 7_2f1($1,HS), and
the explicit expressions for A(xy), B(xy), and I'y (21, 1I,) are defined by (A.3).
Note that the reduced-order DRE (14) is identical to the DRE (B.7a) for
the benchmark problem, and is time-invariant whenever G1(z1) = B;. As in
Appendix B, we select the initial condition of the filter to be II5(0) = I13° > 0,
and M{g} = Y2 Q, 1 where Q := Ql{g} > (0 and IIY° is the steady state
solution of the filtering GARE (6).

The approximation in the filter dynamics we have made thus far is that of
reducing the order of the DRE. Two further approximations a2, ~ a1
and Api(9y%1 & Agiq2yr1 are not essential but are now made to simplify the
stability analysis of the approximate filter

: . 2 1 . . .

1 =a11T1 +$2+f1($1) -+ ENl/Q (33'1 —33'1), .Tl(O) = Iy, (15&)
: . 1 .
T{2} = A{2}x{2} + (7)) + Erl(fla ILy) (z1 — 1) + Baayu, (15b)

where p(x;) := Agl{g}xl—i—f{g} (1), 2123(0) := 0, and 2, is the initial condition
for the estimate of the measurement. Since v = 0, we can always set T;, =
21(0). The system (3), the reduced-order DRE (14), the filter (15), and the
fast dynamics of the error ¢ = %(xl — 1) are written together as

§=A11(§)+A12(§)C+311(§)w+312(5)u (16)
¢ = A (&) — An(§)C + Ba(§w,

/!
where & = |u) &y ¥y 11| and Az = (BuBy)"? > ci/? > 0 for all &
Using singular perturbation arguments (Kokotovié¢ et al., 1986), we let € — 0,
compute the slow manifold (, := A3 (Ag + Bajw,) and, substituting in (16),
arrive at



gs = A1(§s> + Bl (§s>ws + BQ“sa (17)

where A; := A1 +A12 A5 Aor, By = Bi1 +A12.A5 By, and B, := Bis. System
(17) is identical to (B.17), and its subsystem,

I, =7, (2, , I1,) (18a)
Tapny = Apydagey + 0(s) + T2, )@ + Baygayus, (18b)
is identical to the observer (B.7) obtained for the benchmark problem. Hence,

as € — 0, the reduced-order observer (18) constitutes the limit for the observer
given by equation (13).

It was also demonstrated for the benchmark problem in Appendix B that the
closed-loop system (17) with

u=p(x1L) = —sr (OB (19)

1
and w = v(z, T, 1) = 2—72[)’1(5)[]% satisfies the HJI equation (B.19) with

the value function (B.18), that is, U(§) := V (, IL,) + W (&g}, ;). Therefore,

the feedback control law (B.13) obtained for the benchmark problem will be

utilized without any changes, except that the states (Zyoy,1I;) will now be

provided by the observer (15) rather than by (B.7). Next, we introduce the
/

composite state &, := {f’ 4 , and write the system (16) as

£e = F(&) + Gi(&)w + Gou. (20)

A Lyapunov function for this system is

V(&) = U(§) + e (&, C),

2

where U(E,¢) = ~? . Given 8 > 0 and
.A_l
e > 0, we define the set Q(8, €) 1= Q¢(5) x Qc(5, €), theQre

1
¢ — Ay Az — 2—72A521B21511U5/

Qe(3):={¢ e R* x R x R™ > 0| U(¢) < 8}
Qc(Bre):={C e R [eld(§, () < B, VE € Q(B)}

To state the main theorem of this section, we now take the disturbance w(t)
to belong to the set Wh(cy,) == {w(t) € Ly | ||w(?)|ly < cuw,}, Where ¢, is a
prespecified known positive constant.

10



Main Theorem If Assumptions 1, 2, and 3 are satisfied, then for each pair
(B, cw,) there exists €5 > 0 such that for all e € (0,€5), w(t) € Wa(cw,), and

£(0) € (B3, €) N {I1,(0) = T > 0, d2y(0) = 0,1} (21)
the closed-loop system (19), (20) achieves:

(1) The boundedness of all signals, and their convergence to the equilibrium,
/
e €(0) = € = [0, Ti 0] st — oc.

(2) Semiglobal inverse Ho, -optimality with respect to a cost functional of the
form

Juw) = [T Q) +r€u® — 12w dt (22

where Q(&.) > 0, r(&) >0, and v >~} > 0.

(8) Local near-optimality with respect to the cost functional (4) where Q1,
Qs and R are prespecified positive-definite matrices, and v > v > 0.
Moreover, local near-suboptimality is achieved with respect to the cost
functional (2) where Q and R are prespecified positive-definite matrices.

PROOF. The proof of the Main Theorem is found in Appendix C.! O

4 Example

Our task is to design an output-feedback control law for the nonlinear system

iy =17+ x5 +w (23a)
To=—w+u (23b)
y=1r (23c)

that is locally optimal for the cost functional

Ji(u,w) = /OOO [xf + a5 +u® — PwaQ} dt. (24)

As we did with (4), we replace (24) with

1 One can also show that if the input disturbance is bounded, i.e., w(t) € L , then
all system signals remain bounded in a semiglobal fashion (Ezal, 1998) .

11



|3 + 233 + & + 243 + u® — Yu?] dt, (25)

AT
=
g
Il
o\

where 7 = x — &, @ is the estimate of x, and 7% + 272 + 2% + 222 > 23 + 3.

The nonlinear reduced-order observer (15) for this problem is

: 1
.fl'l :.f:Q + .T% + E (.Tl - .fl'l) (26&)
.1

dy=- (Y11, = 1) (@1 — &1) + u (26h)

I, =211, — (y* - ©,) 112, (26¢)

where #(0) = 0, O,(IL,(t)) = vy 271 () MTI; 1 (t) > 0 and M := 21T >
0. We select II(0) = II2°, where II° is the steady-state solution of the DRE
(26¢). This yields II,(t) = II° = 2 (42 — 2) " and O,(I1°) = 2, and we select
v =3 >+/2, so that II,(0) = II=® = 0.29 > 0.

In the benchmark problem, where y = &, is available for feedback, the ex-
tended output is defined by § = @, — 2, and the reduced-order cost functional
is obtained by setting Z; = 0 in (25), that is
Ji(u,w) = / [2333 + 22 + 283 +u? — ’waQ} dt. (27)
0
The worst-case observer (B.7) for the benchmark problem with @ = § — &5 is

Iy = (72112 — 1) @ + u, and the DRE is (26¢). Since @ = iy — 22 — &y, we
rewrite the observer dynamics as

T =22+ I+ @ (28a)
To=1.57Tw + u. (28b)

For the linearization of system (28) and the cost functional

Ji(u,w) = / {:1:% + 225 4+ u? — 727712} dt,
0

the full-state feedback H., problem has a solution P; > 0 to (7) for all v >
v = 2.622 > /2, resulting in u; = py(z) = —By Pz = —2.91x, —4.24%,. Using
the Cholesky factorization P, = L'’AL, and following the design procedure of
Appendix B, we compute the locally optimal nonlinear control law as

u = ji(z) == —4.24771(2) 2 (29)

12



where 7(z) is defined by (B.16), R =1, 6(21) = 1.612; +0.972%, and z = ®(z)
is 21 = x1 and 29 = Ty + 0.692; + 22.

The control law (29), derived for the benchmark problem, together with the
observer derived for the output-feedback problem (26), achieves semiglobal
inverse optimality with respect to (22) and local near-optimality with respect
to (25). Moreover, this dynamic output-feedback control law is locally near-
suboptimal with respect to (24).

5 Conclusions

For a class of nonlinear systems with additive uncertainty, we have obtained in
this paper an output-feedback control law that achieves local near-optimality
and semiglobal inverse H,, -optimality. If the derivative of the output measure-
ment is also available for feedback, then the same control law with a reduced-
order observer is shown (in the benchmark problem of Appendix B) to achieve
local H -optimality and global inverse H ., -optimality. Unlike standard linear
'Hso -designs which penalize the actual state of the system, the performance
index we consider penalizes the estimation error and the estimate of the state.
When the penalty matrices are chosen carefully, the optimal controller which
corresponds to the modified performance index is shown to be suboptimal
with respect to the standard H, -performance index.

The local optimality property obtained in this paper is for the linearized sys-
tem with respect to a quadratic performance index. For the full-state feedback
problem a higher-order locally optimal design was developed in Pan et al.
(2000) for non-quadratic cost functionals using a nonlinear Cholesky factor-
ization. With considerable effort that approach can be extended to situations
when the linearization of the system is not controllable, but the system is
stabilizable via some nonlinear terms. A simple example of such a system is
@ = zu with the cost functional J = [3°(z? + u?)dt. Similar extensions seem
possible for the output-feedback case, and are open to future research.
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A Nonlinear H,, -Filtering

The cost-to-come methodology and H, -filtering theory (Didinsky et al., 1993,
1995; Pan and Basar, 1998; Tezcan and Basar, 1999) is summarized here in
the context of the nonlinear system

X =Ax + (@) + Ti()w + To(@u,  x(0) = xo, (A1)
y=Cyx + Hio(y)w,

where y € IR® is the state, u € IR is the control, w € IRY is the disturbance,
7 € R™ is the output, o is unknown, while 7(0) = 7 is known. It is assumed
that N(§) := Hyo(§)H]o () > 0 for all j € IR™. For system (A.1), we use the
nonlinear observer

X =A%+ @) + L1(7, @ + Ta(G)u (A.2a)
M=TIA, + AT - 1T [y*C{N~'Cy — ©] II
+7°Ty [T = Hi,N ™ Hy| T, (A.2b)

where ¥(0) = Yo, I1(0) = v720; ", and

[y (5, 11) = (T HYy +7°TICT) N7/ (A.3a)
A =A- K@ (A.3b)
w(y)=N"""? (@ - CAY1X) (A.3c)
K(§) =T Hi,(7)N ' (5) € R™>™, (A.3d)

The cost functional associated with system (A.1), (A.2) is

Jaw)= [ 0= OGO = R) + 1 % w) — Fule] de, (A4)

where I(y,x,u) > 0 and ©(y(t)) > 0. Our objective is to find an output-
feedback control law which solves the differential game inf, sup, ,, J (u,w) <
oco. We assume that the optimal disturbance attenuation level v* > 0 ex-
ists and, hence, any desired level of attenuation v > ~* is achievable. The
cost-to-come analysis establishes that this differential game for (A.1), (A.2) is
equivalent to a differential game with respect to the equivalent disturbance w

in the x-coordinates:

inf sup j(u, w) = infsup J(u,w) < oo,
v xo,w U w
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where J(u, w) := /OO [l(g, o) — 7%;;/@)@(@)] dt. This new differential game
0

constitutes the control design and the function [(y, X, u) is constructed during
the controller design procedure.

The worst-case observer (A.2) has some desirable properties. For example,
the time derivative of the candidate value function W (x,II) := Y'II"'(¢)y > 0
along the error dynamics is

W= —q(%,t) — V*@'w — 7 |w — v|* +72w'w,

where X :=x — X, ¢1(X,t) := ])Z\é, and the worst-case disturbance is
~ ~ A 1 ~ ~
vpi=Hj,N @ — H,N'Ci X + o [I — H|,N'Hp,|T/IT 'y, (A5)

The solution of (A.2b) plays an important role in the stability of the closed-
loop system. When g = 0 this differential equation becomes

M=11(A - KoCy) + (A~ KoCy) T~ T [2CING Gy — Qu] T
+97°Ty, [ = DN Dy| T

107

(A.6)

where Ty, := T'1(0), Dy := Hy5(0), Ny := N(0), Ko := K(0), and Q; > 0 is
some prespecified matrix.

Lemma A.1 Given v > 0 and Ql > 0, suppose that (A.6) with II =0 has
a solution I, = 11’ > 0 such that A— K,Cy — VQHOOCA'{NO_ICA& 18 Hurwitz.
Let Ty = My and O(I1) := v 2 (¢)MIT-(t) > O for some M > 0, and
suppose there exists ¢, > 0 such that ||y(t)||, < ¢,. Then, there exist contin-
uous decreasing positive functions 57 (c,) and Bg(c,), and increasing positive
functions 3} (c,) and 3&(c,), such that Vt > 0,

0< B (c,)] < IHt) < B ()] < o0 (A7)
0 < Bg(c,) ] <O(I(t) < B(c,)] < .

N

Moreover, if M = 7*T,,Q111, and Jim y(t) = 0, then Jim II(t) = Il and
lim O(1) = Q1.

The proof of Lemma A.1, given in Ezal (1998), relies on the continuity of solu-
tions of algebraic Riccati equations (Lancaster and Rodman, 1995, Theorem
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11.2.1) and on comparison theorems for differential Riccati equations (Freiling
and Jank, 1996).

B Benchmark Problem: Limiting Performance

Here we formulate and solve a benchmark problem which is obtained from the
main problem of Section 2 by making one additional assumption:

Assumption B.1 The deriwative of the output, v, is available for feedback.
The solution to this problem, in addition to being of independent interest,
helps to gauge the inverse-optimality and local near-optimality of the solution

of the main problem.

With ¢(z1) := Agiya1 + f{g}(xl), system (1) is equivalently written as

y:=a1 —anr — fl(xl) = CAYlflf{Q} + g1(z1)w (B.1a)
T2y = Appgey + @(@1) + Gipgp(T1)w + Bagayu (B.1b)
y = Chz, (B.1c)

where 7 is the extended output. For the linearization of system (B.1) our
objective is to find a stabilizing control law w; = p;(y;, #{23) which minimizes
the cost functional (4) when z; = 24, that is,

Iy (uy, wy) :/0 {:%’{Q}Qﬁr{g} + 2'Qox + Ru* — ’wa{wl} dt, (B.2)

!/

where x := , and @ = Ql{Q} > 0and Qy = Qs > 0 satisfy

N
T .CI?{Q}

PO\ + Qo > 2/Qux. For the nonlinear system (B.1), we consider a cost
functional of the form

J(u,w) = /OOO {ql(i‘{g}, t) + oz, t) + r(z, t)u® — 72w'w] dt, (B.3)

where ¢ (29}, 1) = i’{Q}@s(t)fc{g} >0, go(z,t) > 0, and r(z,t) > 0 are allowed
to depend on the output waveform z; ([0, t]) in a causal manner. Our objective
is inverse optimality, and hence we do not specify O4(t), ¢2(z,t), and r(z,t)
beforehand. For simultaneous local optimality and global inverse optimality,
we require that ©4(0) = Q1, ¢2,,(0,0) = Q2, and r(0,0) = R.

16



B.1 Local Design

Following the cost-to-come procedure with @; (i, 123) = Ny 1/2 (gl — C’li{g}),
the linear observer is

fi{2} = Angyz1 + Aoy gy + IAjlowl + Baayui, (B.4)

where flo is defined by Assumption 3. The observer dynamics (B.4) and the
equivalent disturbance w;(y;, Z{2)) can be written as

0=m,(0,11°) (B.ha)
i= Az + Byw, + By, (B.5Db)

where B is defined by Assumption 3 and II3® > 0 is the solution of the filtering
GARE (6) which is denoted by (B.5a).

Lemma B.1 Under Assumptions 1, 2, 3, and B.1, the control law u; =
w(z) = —R'ByP,x, applied to the linearization of system (B.1), in con-
gunction with the linear observer (B.}), is Hoo -optimal with respect to the
cost functional (B.2), and is suboptimal with respect to the cost functional (2).
When w; = 0, the control law enders the equilibrium (x,Z2y) = (0,0) expo-
nentially stable. Moreover, for all wi(t) € Lo, all system signals are bounded
and converge to zero ast — oo.

PROOF. The time derivatives of the filtering W;(Z(;) and the control V;(z)
value functions are

W= —

- 2
x{2}‘Q1 - VQWIIWI - 72 ’wl - Vfl‘2 + 72w1/w17
Vi=—2'Quz — Ru? + V@), — v (w; — v)” + R (w — ),
where
vy = U Ny ey = WNG Critgay +477 [T = 0Ng o] By (1) ™ gy

is the linear worst-case filtering disturbance, and v, (z) := v 2B} P,z is the
linear worst-case control disturbance. Hence, the time derivative of the com-
posite value function

Ui, E12)) 7= Vi) + Wil p9)) = oy (11X) ey + 2' Pz (B.6)
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U = —573/{2}62137{2} — 2'Q2z — Ru} + v wjw
~9? fwy = vg” =7 (@1 = )’ + R (w — )’

Therefore, the control law u; = p;(z) is Hoo -optimal with respect to the cost
functional (B.2) where

Vl(g, .i’{g}) = bllN(;l/2VCl (&) - bllNalélf{g}
+7_2 {I — bllNo_lbl} M{Q}Bl{g} (Hzo)il Zf‘{g}

is the worst-case linear disturbance. Moreover, if w; = 0, then (z, Z{2y) = (0,0)
is exponentially stable, and if w;(t) € Ly, then all signals are bounded and
converge to zero as t — oo (Teel, 1999). Furthermore, since @Q; := Q12 and

Qs := Qs satisty #Q17 + Qo > 'Qux, we have

U < —2'Qx — Ru? + y*wjw; — 2 [wy — vp,|° =42 (w1 — ve)? + R (w — )” .
Integration of both sides and the fact that all system states converge to zero
as t — oo yield Uf(z) < Uz, o), which implies that v, = —R™'BjPx
is suboptimal with respect to the cost functional (2), where U (z) given by

(11) is the optimal value function for the standard H., -optimal linear output-
feedback problem. O

B.2  Global Design

We now proceed to the stabilization of the nonlinear system (B.1) using the
cost-to-come methodology of Appendix A. The observer for this system is

Mo=TLA + AIl, - II, [*CIN " (21)C) — ©,| T, +472BB" (B.7a)

iy = Ay + (1) + Dien, L)@ + Bayu, (B.7b)
where
w(x1, Y, L)) := N_I/Q(xl) (g — é’lfs{g}) , (B.8)

Gy = Ajz9y, and A(z1), B(zy) and Ty (21, I1,) are defined by (A.3). Without
loss of generality, we set Z(9,(0) = 0, while x{2(0) is unknown. The matrix
I, is the solution of (B.7a) with initial condition II4(0) = I > 0. We let

18



O4(Il) := v 2T MII; ! where M := ~42I1°Q1112° > 0. This choice of ©4(I1;)
guarantees that if z1(t) € L., then there exist constant positive definite
matrices which bound II4(¢) from above and from below for all ¢ > 0 (Lemma
A.1). Furthermore,

Jim r(t)=0 = Jim II,(t) = 1I°  and Jim O4(t) = Q1.
The value function for the optimal filtering problem is W = i’{Q}Hglf{g}, and

. 2
W =— ‘I’{Q}‘@S(HS) —y*w'w = w — v+ yPw'w,

where the worst-case filtering disturbance vy(ry,1l,) is given by (A.5). More-
over, since inf sup J(u,w) = infsup J(u,w), where
w z {2} (0),w U w

J(u, @) = /0 (e, ) + vzt — ye'w] dt, (B.9)

the output-feedback control problem is transformed into an equivalent full-
state differential game problem in the z-coordinates.

The observer dynamics (B.7) and the equivalent disturbance (B.8) are rewrit-
ten in the z-coordinates as

]js =T (llu Hs) (Bl()a)
i=Az + f(z;) + Gz, 1)@ + Bou, (B.10Db)

/
where Gy (z;,11;) = [Nl/Q@l) I (z,, HS)} . Our objective is to design a con-
trol law for system (B.10) which is locally optimal and globally inverse opti-
mal. Other than the fact that (B.10) depends on Il,, the recursive design of
the nonlinear control law follows the procedure of Ezal et al. (2000). This is
because I, II; and x; = z; are all available for feedback.

The linearization of this system is given by (B.5) where By = G1(0,11°). As
shown in Ezal et al. (2000), the solution P of the GARE (7) admits a unique
Cholesky factorization of the form Py, = L’AL, where L is a lower triangular
matrix with ones along its diagonal and A := diag{é,...,d,} > 0. The
transformation z = Lz of (B.5) results in 2 = Az + Byw + Bou, where A =
LAL™', B; = LBy, and Q, := L' 'Q, L. We recall from Ezal et al. (2000)
that at each step of the n-step backstepping procedure L dictates the linear
portion of the nonlinear virtual control law, while A defines the Lyapunov
function.
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We initiate the design by defining z; := ¢1(x;) := 2, ag := 0, and Vj := 0.
Thereafter, on the ith step of the design procedure, we define an error variable
Ziy1 1= ¢i+1_@[i+1}v II5) := @41 — 0y (2, I15), and the control Lyapunov function
Vizg) == Vi + 0,22 = zfi}A[i]zm > 0. The virtual control law a; (2, )
is designed to dominate the harmful nonlinearities and disturbances at each
step while simultaneously matching the optimal linear design. This procedure
terminates with 2, := ¢, (z,IL;) := z,, — &n—1(2p-1], I15), which completes the
construction of the diffecomorphism z = ®(z,1l;) and the control Lyapunov
function (CLF)

V(2) = Vo1 + 6,22 = 2 Az > 0. (B.11)
The original system (B.10) is thus transformed into

11, =7s(21, ) (B.12a)
= Az + f(2,11,) + Gi(2,11,)w + Byu, (B.12b)

where ®71(2,I1,) — L'z contains only higher-order terms so that the linear
part of ®(z,1l;) is Lz, that is z = Lz + CTD(L II). Thus, in both z and z
coordinates, the properties of the linearized systems are the same. Moreover,
the derivative of the CLF V for system (B.12) is

V=—2'Qoz — (2, ) + Vo'w — 72 o — 7|* + (2, IL,) (u — 1)
— (7'__1(2, Hs) — R_l) (57212721 + 2,2”(5”77(2, Hs)a

where 7(z,1l;) is a design function, fi(z, Il;) is the control law

u = ji(z,11,) := —7 (2, II,) B, Az, (B.13)

and 7.(z,11;) := 7%Gl(z,HS)AZ is the worst-case (control) disturbance. The
remaining dynamics, which need to be dominated by 7(z,II;), are contained
in the function 7(z, I1y).

We now complete the output-feedback control design by constructing a non-
linear control law with the following properties:

Benchmark Theorem Under Assumptions 1, 2, 3 and B.1, there exist func-
tions q(Tqay,1L) > 0, q2(z,II5) > 0 and r(z,IL;) > 0, such that the control
law

u = p(z, 11,) = —r (z, I1,) By AD (2, I1,), (B.14)
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applied to system (B.1) with the robust observer (B.7) is locally Ho, -optimal
with respect to the cost functional (B.2) and globally inverse Ho -optimal with
respect to the cost functional (5). In the absence of a disturbance, w = 0,
the equilibrium (z, Z(9y,11,) = (0,0,113°) is GAS and LES. In the presence of
w(t) € Ly, all system signals are bounded and (x,T1y,115) — (0,0,11°) as
t — 00.

PROOF. The functions 7(z,II,) and gy(z, IIs) are to be selected to achieve
global inverse optimality with respect to cost functional (B.9) with ¢2(z,t) :=
@(P(x, 11,),114(t)) and r(z,t) = 7(P(z, 1), II4(¢)). For a meaningful cost
J(u, @), we restrict g(z, I1) to be positive definite and 7(z, I1;) to be positive
for all z € IR" and all II; > 0. In addition, to meet the objective of local
Hoo -optimality, we require 7(0,11°) = R > 0 and G._(0,11®°) = Qo > 0. A
particular choice of ¢(z, II,) and 7(z, IT;) meet all of our requirements:

2

B@(2,10,) = ’Z[n—l} + Q;[}l—l](cbz,l - ﬁi(sn)'zn

2[71—1]
+ (622,2 - q_é,lc?;[ihl]q_%,l) 2721
+(7F Nz, ) — R — 6(2,11,)) 6222 (B.15)
—1
f@JLy:(¢RQ44ﬁ@JL)+aA%HQ) , (B.16)

2
where .., ¢, 71 and 7, satisfy a,(z, 1) := a(z, ;) + ’Z[n_u’

Y

7_](27 Hs) = ﬁl(z[nfl}u Hs)z[nfl] + 7_]2(27 Hs)zn

anfl]QQ[n—l]Z[n—l] + 22@4}@22,1 Zn Q2,5 22,

N\
Qi
(Y]

x

Il

a(0,11¢°) = 0, 7 (0,112°) = 0, and 72(0,I1¢°) = 0. Moreover, this choice guar-
antees that gu(z,Il) is positive definite and radially unbounded for all z # 0
and II; > 0. Evaluating the derivative of (B.11),

V=—a(z1L) - 72, IL)0? + o' — 72 @ — 7f” + 7(2,1L,) (u — ),
we conclude that V(z) is the value function for the cost functional (B.9). Like-
wise, V(z,Il;) := V(®(z,1I;)) is the value function in the z-coordinates, and
(B.14) is the locally optimal and globally inverse optimal full-state feedback
control law for system (B.10).

With this control law, the system composed of (B.1) and the observer dynam-
ics (B.7) is
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£o=A1(&s) + Bi(&s)w + Bau, (B.17)

/
where @ = N~V2(x,) (T2 + g1(z1)w) and & == |2/ Ty ﬁ’s} . The value func-

tion for the extended system is defined as

U(&) = Vg, 1) + W (Zg2y, L) = 0, (B.18)

and its time derivative is

U: —Q1(f{2}, Hs) - QQ(I, HS) — T(l, HS)U2 + /7211}/11}
_72 |w — ]/f|2 . ,72 |w — VC|2 + T(l) Hs) (U . M)2,

where u(z,Ily) is defined by (B.14), v.(z, ;) := v.(®(z, 1), I1y),

~ ~ 2 —
QI(x{Q}a Hs) = ‘I{Q}‘GS(HS) ’ Q2(£7 Hs) = Q2(q)(£7 Hs)a Hs)a

and r(z,I1,) := 7(P(z, I1,), I1;).

Note that U(&;) is positive definite and radially unbounded in (z(t), Z{9) €
IR*! for each II, > 0, and that there exists a function p(-) € K., such
that p(|z1]) < V(z,IL,) < U(&) for all z € R”, &5y € R™, and all II; €
R* "~ However, since U (&) is not radially unbounded in II, we need show
that the solution &,(t) is defined for all ¢ € [0, 00).

Let us assume that there exists a finite ¢* > 0, such that |£,(t)] — oo as
t — t*. Integrating U with u = p(z, II,) and w(t) € Ly, we have U(&,(t)) <
U(£,(0)) + 72 lw(t)|]; for all t € [0,#*). Hence, for each (0) € R", with
Ty23(0) = 0,1 and IL,(0) = II°, there exists a positive constant (5, such
that U(&(t)) < fBe and p(|z1]) < V(z, 1) < B, for all ¢ € [0,t*). Therefore,
|z1(t)] < p~(Bs) for all t € [0,t*), which by Lemma A.1 and causality implies
that II4(¢) is bounded from above and below by positive definite matrices for
all t € [0,t*). Furthermore, since V(z,I1,) < B, and W (Zay,115) < B2, both
x(t) and Ty (t) are uniformly bounded in [0,¢] for all ¢ € [0,¢*). Hence, by
the continuity of solutions, there does not exist a finite time after which the
solutions are not defined, and all signals are bounded. Therefore, we have
x(t) — 0, and Ty)(t) — 0 as t — oo (Teel, 1999). Hence, x(t) — 0 as t — oo.
Furthermore, by Lemma A.1, we have II,(t) — II$° and O4(II(t)) — Q@ as
t — o0.

The proof of inverse optimality is immediate from the fact that the value
function U satisfies the HJI equality
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1 1 )
Ue A+ U, (E&Bg - Bgr—l(gs)B;) UL+ (&) =0, (B.19)

with the optimal control and disturbance pair,

1 _ . 1
u=p(z, 1) = 5" HE)BYUE, and  w = v(z, gy, 11,) = 2—7281%’
where
vz, By, L) = gy (o) N2 (2n)ve(z, ) — g (0) N H(@1) Crigay
+v7? [I - gi(fl)N_l(Il)gl(fl)] Gz (20)T15 T 2y,
T(ﬁs) = 7“(@, Hs)7 and qA(§S> = Q1(j{2}7 Hs) + QQ(ia Hs)

At the equilibrium, &, := (0,0,_,,0._,, 11>, and (B.18) satisfies

5; [Uésfs (€s0)] &s = j/{Q} (Hgo)ilij{Q} +a'Pa =0, (z, j:{Q})?

where Uj(z, Z{9) is the value function (B.6) for the linear problem. Hence,
the control law (B.14) achieves local H, -optimality with respect to the cost
functional (B.2). Moreover, by Lemma B.1, the control law (B.14) also achieves
local suboptimality with respect to the cost functional (2). O

C Proof of the Main Theorem

With the output-feedback worst-case disturbance

~ 1 / ! / ! / ! — 1 / /

v(&, Q) = 2,2 (BnUg + By U + 5811“&) = 2—7291(&)]}50 (C.1)
and X(&,, u) := By By, Ui + BBy UL +29° (Arr 4 Aio€ + Biau), we compute
V = Ug (./411 + A12C + Blgu) + Z/{C (.Agl — AQQC) + 72w’w — ’72 |w — ﬁ|2

]' / ! / ! / / ! / !
+4—")/2 (BllUf + Bmuc) (811U£ + BQIMC)

2

€ €
+4—Py21/{58118’11ug + 2—’}/2ng(§0, u)
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1
Rewriting U, as Uy = 27 (C — A5 Ay — WAQQIBngilUé> A5y, completing

the squares with respect to ¢ and u, and using the HJI identity (B.19), we
compute

V=—4(&) — r(&)u* = ¥’ |¢ = h(O] + v w'w — 7 |w — #(&, )

2
1(8) (u = ()" + U B Bl + 55U 6 w), (C2)

1
where h(£) = Ay A + ﬁAQ_QIBng’IUE'. For any fixed positive constant
g

€1 < 1, we can rewrite (C.2) as

V== (1—a)i6) - (€ = (1—a) V¢ = hE + 7w’
7w = & QP +7(0) (u— ul©)* ~ Bleri ),

where E(e1; &) == 1g(€)+ey? ¢ — h(€)[? 4 2u§BHB ug—z—;ugz(gc,u(g)).

However, since V is not negative definite for all £, it is not possible to conclude
the global stability of system (20). Instead, it is possible to prove semiglobal
stability (with respect to €).

By Assumption 1, whenever £(¢) (and therefore x1(t)) exists in a compact set
for all ¢ > 0, there exist positive constants ¢y, ¢y and c3, independent of e,
such that

Uel < (|oa] + |y | + 7129 ) (C.3a)
rugr<c2 (o1l + o | + [Fy| + 1€ = p©)1) (C.3b)
|5 (€)) < s (|| + [y | + [Fy | + 1€ = B(O)]) - (C.3¢)

Furthermore, since O,(I1,) = v 2II;'MTII;! > 0, and (A.7) holds, the state-
+ @ (@1, T2y, IL5) > 0 satisfies

2
penalty function ¢(&) = ‘573{2} o)

. L2 . 2
(&) = cqU(E) = ¢y, (\1’1!2 + ‘1’{2}‘ + ‘IIJ{Q}‘ ) >0 (C4)
for all £ in the compact set and some constants ¢,, > 0 and ¢4, > 0.

Let §y := 23 + ~*cZ, for some known e, > 0, and suppose that V(&.(t)) <
B2 + € for all t > 0. Recalllng that p(|x1]) < V(z,II,) < U(€) < V(&) where
p(+) € Ko, we note that |z1(t)] < p~ (B2 + €) for all t > 0. Hence, by Lemma
A1, we have TI4(t) € Q. (p~ (B2 + €2)) for all ¢ > 0, where
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Qn(cy) = {1, > 0] 0 < B; (¢,)] <TI;' < B (e,)] < o0},

and (. (c,) and B (c,) are strictly positive, continuous functions of ¢, > 0.
P:)urthermore, the set Q(c,) has the property that Q.(c)) € Q.(c,) for all
Cy < ¢y
y — 7Y

It then follows from V(&.(t)) < (2 + €2 that both £(¢) and ((t) belong to
compact sets for all ¢ > 0, i.e., £(t) € Qe(B2 + €2) N Qe (p~ (B2 + €2)) and
C(t) € Q(Pa+ €2,6) N Qe(p™ (B2 + €2)). Therefore, &.(t) € QB2 + €2,€) N
Q:(p7' (B2 + €2)) for all t > 0. Moreover, by properties (C.3) and (C.4), there
exists a set of sufficiently small values of € such that E(e;,&.) > 0 for all
£ € (B2 +€) NQ(p~ (B2 + €)). The complement of this set is

g;(ﬁacwwel:eQ) = {6 >0 ’
Bla;&) <0, ¥ € € (s + @) N (07 (B2 + )}

The upper bound €} on the admissible values of € is €; := iIelf E (B, Cuy, €1, €2).
If € € QB2+ &) N Q(p (B2 + €2)) and € € (0, €5), then

V<—(1—€)q&) —r(@)u — (1 —e)y* ¢ = (&) + 7y w'w
=7 lw = #(&, Q)1 + (&) (u— u(§))*. (C.5)

Let us now suppose that (21) holds for some € € (0, €3), then V(£(0),(0)) <
23 < (5. Suppose further that there exists a set {1r, such that

Eult) & QBave) N Qulp ' (B), V€ Q. (C.6)

Let t* := mtin Qp. This implies, by the continuity of solutions, that (G, <
V(& (t*)) < B2 + €. Therefore, by causality, we have £(t) € Q¢(G2 + €2) N
Qe (p (B2 + €2)) and &.(t) € QB+ €2,€) N Qr(p~! (B2 + €2)) for all ¢ € [0,¢7].
Moreover, the inequality (C.5) holds for all ¢ € [0, ¢*]. Integrating both sides of
(C.5), we find that V(E(t*), ((t*)) < 284722 = Ba < Ba+e€z, or t* & Qp, which
contradicts our supposition (C.6). Therefore, Qr = ). Hence, if (21) holds,
and w(t) € Wh(cw,), then &(t) € Q(B2,€) N Qr(p~'(B2)) and the dissipation
inequality (C.5) is valid for all ¢ > 0. The fact that £.(t) — &, as t — o0
follows from Teel (1999) and Lemma A.1.

It follows from (C.5) that whenever (21) holds for all € € (0,€5), then V(&)
satisfies the HJI inequality

1 1
Ve F (&) + ngc ?glgi —Gar Gy Ve + Q<0
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where Q@ = (1 —€;)G(€) + (1 — 1) ¥?|¢ — h(€)]?, with the optimal control
1
(19), that is, u = p(&) = —ir’l(é“c)QéVéc, and the worst-case disturbance

(C.1). Hence, the control law (19) is semiglobally (in €) inverse H -optimal
with respect to the cost functional (22).

Finally, it follows from &, [Ve.¢. (&cy)] & = Ui(€)+O(€) that the leading quadratic
terms of the series expansion of V(&) are O(¢€)-close to the H, -optimal value
function for the linear problem, which implies that the control law (19) is
near-optimal with respect to cost functional (4). Near-suboptimality of (19)
with respect to (2) is derived from Lemma 1, and the fact that U < U;. O
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