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Abstract

Recent results on locally optimal and globally inverse
optimal full-state feedback designs for strict-feedback
systems are now extended for output-feedback systems
in output-feedback form. The dynamic output-feedback
control law for such systems is constructed under the
assumption that the derivative of the measured output
is available for feedback, and achieves local optimality
and global inverse optimality with a prescribed L2 -gain.
When that assumption is subsequently dropped, the con-
trol law achieves semiglobal inverse optimality and local
near-optimality.

1 Introduction

While H1 -design of linear systems has been successful,
its nonlinear counterpart has proven to be much more
diÆcult. Nonlinear H1 results are either local in nature
[7], yield in�nite dimensional controllers [2, 1], or provide
optimality conditions without any guidance as how to ex-
plicitly satisfy them [13]. Constructive nonlinear H1 -
designs, either do not achieve local H1 -optimality, or
do not penalize the cost of control [6, 12]. The main ob-
stacle in achieving optimal control of nonlinear systems
is the need to solve the Hamilton-Jacobi-Isaacs (HJI)
equation. Because of this diÆculty, recent research has
concentrated on inverse optimal designs [6, 5].

In this paper, we present �nite dimensional dy-
namic output-feedback controllers which achieve local
(near) H1 -optimality and (semi) global inverse H1 -
optimality with a prescribed L2 -gain for the class
of strict-feedback systems [9] in output-feedback form.
While we employ the locally optimal backstepping de-
sign procedure of [5] to construct the output-feedback
control law, we rely on nonlinear �lter designs based on
the cost-to-come methods introduced in [3] and [10, 12]
to obtain a robust estimate of the unmeasured states.

2 Notation

Our notation is similar to that of [5], i.e., given A 2
IRn�n, the i-th linear subsystem matrix is denoted as
A[i]. The same notation is used for the subsets of states
x[i] and vector �elds, i.e., f[i] and G1[i]. We also de�ne
Afi+1g, A12fi+1g and A21fi+1g such that

A �

�
A[i] A12fi+1g

A21fi+1g Afi+1g

�
:

1This research was supported in part by NSF under Grants
ECS-9812346 and ECS-9896140, AFOSR under Grants F49620-
95-1-0409 and F49620-98-1-0087, and the U.S. DOE under Grant
DE-FG-02-97-ER-13939.

The sets K1, L2 and L1 , and O(�) are de�ned in the
usual manner; 0n is a zero column vector of length n; In
is an n � n identity matrix; Pn is the set of symmetric
positive de�nite n � n matrices; P�0(x) is the set of
positive functions zero only at x = 0; and P>0(x) is the
set of strictly positive functions.

3 Problem Formulation

We consider systems in output-feedback form

_x = Ax + �f(x1) +G1(x1)w +B2u (3.1a)

y = C1x; (3.1b)

where x 2 IRn is the system state; w 2 IRq is the
unknown input disturbance; u 2 IR is the control in-
put; y 2 IR is the measured output; A is a lower Hes-
senberg matrix with ones along the �rst upper diag-

onal; and �f(x1) =
�
�f1(x1) � � � �fn(x1)

�0
, G1(x1) =

[g01(x1) � � � g0n(x1)]
0
, B1 := G1(0), bi := gi(0) for

i = 1; : : : ; n, B2 = [00n�1 1]
0
2 IRn, C1 = [1 00n�1] 2

IR1�n. We assume �f(x1) and G1(x1) are suÆciently

smooth, that �f(x1) does not contain any linear terms,
and that g1(x1)g

0
1(x1) > 0 for all x1 2 IR. Moreover,

(A;B2) is controllable and (A;C1) is observable.

Given system (3.1), our task is to design an asymptot-
ically stabilizing and disturbance attenuating dynamic
output-feedback control law _̂x = F̂ (y; x̂; u), u = �(y; x̂),
where x̂ 2 IRn is the estimate of the state x, and ~x = x�x̂
is the estimation error such that ~x(t) ! 0 as t!1 for
any w(t) 2 L2 . We consider two problems which di�er in
whether or not the derivative of the measurement output
is available for feedback. In the �rst problem we achieve
localH1 -optimality with global inverseH1 -optimality,
while in the second case we achieve local near-optimality
with semiglobal inverse H1 -optimality.

3.1 Derivative Information Available
The cost-to-come methodology requires that the output
y depend on the disturbance w in a non-singular way, a
requirement not satis�ed by system (3.1). In Section 4,
we make the problem tractable with the following two
assumptions.

Assumption 3.1 The derivative of the output, _y, is
available for feedback.

Assumption 3.2 N(x1) := g1(x1)g
0
1(x1) > 0 for all

x1 2 IR. In the linear case, N0 := b1b
0
1 > 0.

Our local objective is to achieve H1 -optimality in the
region of validity of the linear dynamics
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_x1 = a11x1 + x2 + b1wl (3.2a)

_xf2g = A21f2gx1 +Af2gxf2g

+B1f2gwl +B2f2gul (3.2b)

yl = C1x (3.2c)

zl = Ĉ21~xf2g + Ĉ22x+D2ul; (3.2d)

where zl is the linear controlled output with x :=�
x1 x̂0f2g

�0
. Our �rst objective is to �nd a stabilizing

control law ul = �l(yl; x̂f2g) which achieves a prescribed
L2 -gain 
 > 0 from wl to zl under the following assump-
tion.

Assumption 3.3 Q1 := Ĉ 021Ĉ21 > 0, Q2 = Ĉ 022Ĉ22 >

0, R = D0
2D2 > 0, Ĉ 021Ĉ22 = 0, Ĉ 021D2 = 0 and

Ĉ 022D2 = 0, where Q1 2 Pn�1, Q2 2 Pn, and R > 0
are prespeci�ed.

This disturbance attenuation problem is equivalent to a
dynamic game with

Ĵl(ul; wl) =

Z 1

0

�
z
0
lzl � 
2w0lwl

�
dt (3.3)

as the cost functional. We assume that the desired level
of attenuation is achievable: 
 > 
� where the �nite
optimal linear attenuation level 
� > 0 is assumed to
exist.

In linear H1 -designs it is common to let zl = C2x +
D2u, where Q := C 02C2 > 0 and R = D0

2D2 > 0 are
prespeci�ed and C 02D2 = 0, that is

Jl(ul; wl) =

Z 1

0

�
x0Qx+Ru2l � 
2w0lwl

�
dt: (3.4)

We will instead achieve suboptimality with respect to
(3.4). By suboptimality we mean that a control law
which guarantees a certain level of disturbance attenu-
ation with respect to a particular cost functional also
guarantees the same level of disturbance attenuation
with respect to any other cost functional that is no larger
than the original cost functional. Hence, in order to
achieve suboptimality with respect to (3.4) for any pre-
speci�ed Q 2 Pn, we can always choose Q1 2 Pn�1 and
Q2 2 Pn such that

~x0f2gQ1~xf2g + x0Q2x � x0Qx: (3.5)

Like the standard H1 -optimal output-feedback control
problem, we assume the existence of stabilizing solutions
to two generalized algebraic Riccati equations (GARE).
Assumption 3.4 Given Q1 2 Pn�1, the generalized �l-
tering algebraic Riccati equation

0 = �1s Â00 + Â0�
1
s + 
�2B̂0B̂

0
0

��1s

h

2Ĉ 01N

�1
0 Ĉ1 �Q1

i
�1s ; (3.6)

with Ĉ1 := [1 00n�2] 2 IR1�n�1, and

Â0 := Af2g �B1f2gb
0
1N

�1
0 Ĉ1

B̂0 :=
�
B1f2g

�
Iq � b01N

�1
0 b1

�
B01f2g

�1=2
;

admits a symmetric positive de�nite solution �1s such

that Â0 � 
2�1s Ĉ 01N
�1
0 Ĉ1 is Hurwitz.

Assumption 3.5 Given Q2 2 Pn and R > 0, the gen-
eralized control algebraic Riccati equation

0 = PsA+A0Ps +Q2

+Ps

�
1


2
B̂1B̂

0
1 �B2R

�1B02

�
Ps; (3.7)

with B̂1 :=
h
N

1=2
0 �̂010

i0
, and

�̂10 =
�
B1f2gb

0
1 + 
2�1s Ĉ 01

�
N
�1=2
0

admits a symmetric solution Ps 2 Pn such that

A�

�
B2R

�1B02 �
1


2
B̂1B̂

0
1

�
Ps

and A�B2R
�1B02Ps are Hurwitz.

Our global objective is to achieve inverseH1 -optimality
of the nonlinear system with respect to the cost func-
tional of the form

Ĵ(u;w) =

Z 1

0

�
z
0
z� 
2w0w

�
dt

+
��~xf2g(0)��2(�1

s
)�1 + l0(x1(0)); (3.8)

where 
 > 
� and z is the controlled output such that

jz(t)j
2
= q1(~xf2g; t) + q2(x; t) + r(x; t)u2 � 0; (3.9)

q1(~xf2g; t) := ~x0f2g�s(t)~xf2g � 0, q2(x; t) � 0, and

r(x; t) > 0. While q1(~xf2g; t) and q2(x; t) are positive
de�nite in ~xf2g and x respectively, r(x; t) is strictly pos-
itive. In order to simultaneously satisfy both the local
optimality objective and the global inverse optimality
objective, we impose the additional requirements

�s(0) = Q1;
1

2

@2q2
@x2

(0; 0) = Q2 and r(0; 0) = R: (3.10)

Local optimality will be achieved according to the fol-
lowing de�nition.

De�nition 3.1 An inverse H1 -optimal feedback con-
trol law u = �(y; x̂) with value function U(x) is also
locally H1 -optimal if the quadratic term of the Taylor
series expansion of U(x) about the equilibrium x = 0 is
identical to the linear H1 -optimal value function Ul(x),
i.e., x0 [Uxx(0)]x � Ul(x).

3.2 Derivative Information Unavailable
In Section 5 we drop Assumption 3.1 by rewriting system
(3.1) as

_x = Ax + �f(x1) +G1(x1)w +B2u (3.11a)

y = C1x+ �v; (3.11b)

where v � 0 is a �ctitious measurement noise and � >
0. The introduction of the virtual disturbance v puts
system (3.11) into the desired cost-to-come form. We
now strengthen Assumption 3.2:
Assumption 3.6 There exists a constant cn > 0 such
that N(x1) := g1(x1)g

0
1(x1) � cn > 0 for all x1 2 IR. In

the linear case N0 := b1b
0
1 � cn.
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Our local objective is near-optimality with a prescribed
L2 -gain for linear dynamics

_x = Ax+B1wl +B2ul (3.12a)

yl = C1x+ �vl (3.12b)

zl = C21~x+ C22x̂+D2ul: (3.12c)

Assumption 3.7 The pair (A;B1) is controllable.

Assumption 3.8 ~Q1 := C 021C21 > 0, ~Q2 = C 022C22 >
0, R = D0

2D2 > 0, C 021C22 = 0, C 021D2 = 0 and C 022D2 =

0, where ~Q1 2 Pn, ~Q2 2 Pn, and R > 0 are prespeci�ed.

This disturbance attenuation problem is equivalent to a
dynamic game with cost functional (3.3) where zl is de-
�ned by (3.12c). We assume that the desired level of
attenuation is achievable: 
 > 
�� , where the �nite opti-
mal linear attenuation level 
�� > 0 is assumed to exist
for each �xed value of �. Given any Q 2 Pn, subopti-
mality with respect to (3.4) can be achieved by selecting
~Q1 and ~Q2 such that

~x0 ~Q1~x+ x̂0 ~Q2x̂ � x0Qx: (3.13)

Our second objective is to achieve semiglobal inverse
H1 -optimality with respect to a cost functional of the
form (3.8) where 
 > 
�� . In addition, to achieve local
near-optimality, we impose conditions (3.10). By near-
optimality we mean that the quadratic term of the Tay-
lor series expansion of the value function U(�;x) about
the equilibrium x = 0 is within O(�) of the linear H1 -
optimal value function Ul(�;x) for each �xed value of x,
i.e., x0 [Uxx(�; 0)]x� Ul(�;x) = O(�).

4 Design with Derivative Information

The system (3.1) is equivalently written as

_x1 = a11x1 + x2 + �f1(x1) + g1(x1)w (4.1a)

_xf2g = A21f2gx1 +Af2gxf2g + �ff2g(x1)

+G1f2g(x1)w +B2f2gu (4.1b)

y = C1x; (4.1c)

where the pair (Af2g; B2f2g) is controllable.

4.1 Local Design: Derivative Information
For the cost-to-come methodology we de�ne the ex-
tended linear output

�yl = _x1 � a11x1 = x2 + b1w = Ĉ1xf2g + D̂1w

in which the pair (Af2g; Ĉ1) is observable. The robust
linear observer for system (3.2) is

_̂xf2g = A21f2gx1 +Af2gx̂f2g + �̂10$l +B2f2gul; (4.2)

where
$l(�yl; x̂f2g) = N

�1=2
0

�
�yl � Ĉ1x̂f2g

�
(4.3)

is the equivalent disturbance, and �̂10 is de�ned by As-
sumption 3.5. The matrix �1s is the solution of the

�ltering GARE (3.6) and Wl = ~x0f2g (�
1
s )

�1
~xf2g is the

value function.

By rearranging (4.3), and expanding the extended out-
put �yl in terms of _x1, we write the observer dynamics as

0 = �s(0;�
1
s ) (4.4a)

_x = Ax+ B̂1$l +B2ul; (4.4b)

where B̂1 is de�ned by Assumption 3.5 and (4.4a) rep-
resents the �ltering GARE (3.6). Hence, there exists an
H1 -optimal control law which minimizes

J l(ul; $l) =

Z 1

0

�
x0Q2x+Ru2 � 
2$0

l$l

�
dt:

The value function for this problem is Vl = x0Psx, where
Ps 2 Pn is the solution of the control GARE (3.7) and

ul = �l(x) := �R�1B02Psx (4.5)

is the optimal control.

Theorem 4.1 Under Assumptions 3.1 - 3.5, the control
law (4.5), applied to the system (3.2), in conjunction
with the observer (4.2), is H1 -optimal with respect to
the cost functional (3.3), and is suboptimal with respect
to the cost functional (3.4). Furthermore, it renders the
equilibrium (x; x̂f2g) = (0; 0) exponentially stable when
wl � 0. Moreover, for all wl(t) 2 L2 , all system signals
are bounded and converge to zero as t!1.

Proof: The proof follows from the time derivative of

Ul(x; ~xf2g) := Vl(x) +Wl(~xf2g) (4.6)

and [11]. Moreover, if Q1 2 Pn�1 and Q2 2 Pn are cho-
sen such that (3.5) holds for a given Q 2 Pn, then it can
be shown that the control law (4.5) is also suboptimal
with respect to the cost functional (3.4). 2

4.2 Global Design: Derivative Information
We proceed to the nonlinear design by applying the cost-
to-come methodology to design a robust observer. The
locally optimal design [5] is then applied to the observer
dynamics augmented with the extended output dynam-
ics to obtain a locallyH1 -optimal and a globally inverse
H1 -optimal output-feedback control law.

4.2.1 Filter Design: As dictated by the cost-
to-come methodology, we de�ne

�y = _x1 � a11x1 � �f1(x1) = x2 + g1(x1)w

= Ĉ1xf2g + Ĥ12(x1)w;

where Ĥ12(x1) = g1(x1). Without loss of generality, we
set x̂f2g(0) � 0, while xf2g(0) is unknown. The robust
observer for this system is of the form

_̂xf2g = Af2gx̂f2g + '(x1) + �̂1(x1;�s)$ +B2f2gu; (4.7)

where '(x1) := A21f2gx1 + �ff2g(x1), $(x1; �y; x̂f2g) :=

N�1=2(x1)
�
�y � Ĉ1x̂f2g

�
, and

�̂1 :=
�
G1f2g(x1)g

0
1(x1) + 
2�sĈ

0
1

�
N�1=2(x1):

The matrix �s is the solution of the di�erential Riccati
equation
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_�s = �sÂ
0 + Â�s + 
�2B̂B̂0

��s

h

2Ĉ 01N

�1(x1)Ĉ1 ��s

i
�s; (4.8)

with initial condition �s(0) = �1s > 0, where

Â(x1) := Af2g �G1f2g(x1)g
0
1(x1)N

�1(x1)Ĉ1

B̂(x1) :=
�
G1f2g

�
I � g01N

�1g1
�
G01f2g

�1=2
;

and Â0 � Â(0), B̂0 � B̂(0). Note that whenever
G1(x1) � B1, the DRE (4.8) is time-invariant.

We let �s = 
�2��1s M��1s where M = 
2�1s Q1�
1
s 2

Pn�1 to ensure that the DRE (4.8) has a symmetric pos-
itive de�nite solution for all time. The matrix Q1 is
prescribed by the cost functional (3.3), and �1s is the
steady-state solution of the �ltering GARE (3.6). This
choice of �s guarantees that if x1(t) 2 L1 , then �s(t)
is symmetric positive de�nite for all t � 0 and there
exist constant positive de�nite matrices which bound
�s(t) from above and from below (see [4]). Furthermore,
limt!1 x1(t) = 0 implies

lim
t!1

�s(t) = �1s and lim
t!1

�s(t) = Q1:

The value function for the �ltering problem is W =
~x0f2g�

�1
s ~xf2g, and its time derivative satis�es

_W � �
��~xf2g��2�s

� 
2$0$ + 
2w0w:

4.2.2 Control Design: The observer dynamics
and the auxiliary output equation are rewritten as

_�s = �s(x1;�s) (4.9a)

_x = Ax + �f(x1) + Ĝ1(x1;�s)$ +B2u; (4.9b)

where Ĝ1(x1;�s) :=
�
N1=2(x1) �̂01(x1;�s)

�0
, and $ is

the equivalent disturbance. The linearization of this
system is given by (4.4) where �1s 2 Pn�1 is the
steady-state solution of the �ltering GARE (3.6), and

B̂1 := Ĝ1(0;�
1
s ). As shown in [5], the solution Ps of

the GARE (3.7) admits a unique Cholesky factorization
of the form L0�L. Hence, the locally optimal design pro-
cedure of [5] can be utilized to construct a control law

u = �(x;�s) := �r�1(x;�s)B
0
2��(x;�s) (4.10)

and a di�eomorphism z = �(x;�s) for system (4.9) such
that the time derivative of V (x;�s) = z0�z satis�es

_V � �q2(x;�s)� r(x;�s)u
2 + 
2$0$:

Theorem 4.2 Under Assumptions 3.1 - 3.5, there exist
positive functions q1(~xf2g;�s), q2(x;�s), and r(x;�s),
which satisfy property (3.10) and

q1(~xf2g;�s) 2 P�0(~xf2g); q2(x;�s) 2 P�0(x);

r(x;�s) 2 P>0(x), for all �s 2 Pn�1, such that the con-
trol law (4.10) applied to system (4.1) with the observer
(4.7) and the �ltering di�erential Riccati equation (4.8),
is locally H1 -optimal with respect to the cost functional

(3.3) and globally inverse H1 -optimal with respect to
the cost functional (3.8). In the absence of a distur-
bance, w � 0, the equilibrium (x; x̂f2g;�s) = (0; 0;�1s )
is GAS and LES. In the presence of w(t) 2 L2 , all sys-
tem signals are bounded and (x; x̂f2g;�s) ! (0; 0;�1s )
as t!1.

Proof: With this control law, the system composed of
(4.1), the observer dynamics (4.7) and the DRE (4.8), is

_x1 = a11x1 + x̂2 + �f1(x1) +N1=2(x1)$ (4.11a)

_̂xf2g = A21f2gx1 +Af2gx̂f2g + �ff2g(x1)

+�̂1(x1;�s)$ +B2f2gu (4.11b)

_~xf2g = Af2g~xf2g +G1f2g(x1)w � �̂1(x1;�s)$(4.11c)

_�s = �s(x1;�s): (4.11d)

The value function for the extended system (4.11) is

U(�s) := V (x;�s) +W (~xf2g;�s) � 0; (4.12)

where �s :=
h
x1 x̂0f2g ~x0f2g

~�0s

i0
�

h
x0 ~x0f2g

~�0s

i0
,

and its time derivative satis�es

_U � �q1(~xf2g;�s)� q2(x;�s)

�r(x;�s)u
2 + 
2w0w:

Note that U(�s) is positive de�nite and radially un-
bounded in (x(t); ~xf2g) 2 IR2n�1 for each �s 2 Pn�1,
and that there exists a function �(�) 2 K1, such that
�(jx1j) � V (x;�s) � U(�s) for all x 2 IRn, x̂f2g 2 IRn�1,

and all �s 2 IRn�1�n�1. Although U(�s) is not radially
unbounded in �s, it can be shown that �s(t) is de�ned
for all t 2 [0;1) and that x1(t) ! 0, x̂f2g(t) ! 0, and
~xf2g(t) ! 0 as t ! 1. Furthermore, �s(t) ! �1s and
�s(�s(t)) ! Q1 as t ! 1. Moreover, at the equi-

librium, �s0 := (0; 00n�1; 0
0
n�1;

~�1
0

s ), the value function
(4.12) satis�es

�0s [U�s�s(�s0 )] �s = ~x0f2g(�
1
s )

�1
~xf2g + x0Psx � Ul;

where Ul is the value function (4.6) for the linear prob-
lem. Hence, the control law (4.10) achieves local H1 -
optimality with respect to the cost functional (3.3), and,
by Theorem 4.1, achieves local suboptimality with re-
spect to the cost functional (3.4). 2

5 Locally Near-Optimal Design

We now drop the preliminary Assumption 3.2 that the
derivative of the output measurement is available for
feedback. Instead, we follow [10, 12] and modify the sys-
tem by adding a �ctitious measurement noise multiplied
by a known positive constant �. The modi�ed system
satis�es the assumptions of the cost-to-come methodol-
ogy so that a robust observer can be constructed. In the
limit as �! 0, this observer matches exactly the observer
obtained in Section 4. With � suÆciently small, this ob-
server will help us design a system which is semiglobally
inverseH1 -optimal and locally near-optimal with a pre-
scribed L2 -gain.
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5.1 Local Design
The H1 -optimal �lter for system (3.12) is given by

0 = �1(�)A0 +A�1(�) + 
�2B1B
0
1

��1(�)

�

2

�2
C 01C1 � ~Q1

�
�1(�) (5.1)

_̂x = Ax̂+

2

�
�1(�)C 01� +B2u; (5.2)

where � := ��1C1~x � ��1~x1. By Assumptions 3.7 and
3.8, and the fact that (A;C1) is observable, a symmetric
solution �1(�) 2 Pn to the �ltering GARE (5.1) exists
for all 
 > 
� [2]. The value function for theH1 -optimal

�ltering problem is Wl(�; ~x) := ~x0 (�1(�))
�1

~x.

Similar to singularly perturbed optimal control problems
and H1 -optimal control problems, the solution to the
GARE (5.1) admits an asymptotic expansion about � =
0. Thus, the �lter value function can be rewritten as

Wl(�; ~x) = ~x0f2g (�
1
s )

�1
~xf2g +O(�):

To meet the local H1 -optimality objective we construct
a linear H1 -optimal control law u = �l(x̂) which mini-
mizes the cost functional

J l(ul; �) =

Z 1

0

h
x̂0 ~Q2x̂+Ru2l � 
2�2

i
dt: (5.3)

when applied to the observer dynamics (5.2) where �
plays the role of the equivalent disturbance. The con-
trol GARE corresponding to this H1 -optimal control
problem is

0 = P (�)A+A0P (�) + ~Q2

+P (�)

�

2

�2
�1(�)C 01C1�

1(�)�B2R
�1B02

�
P (�):(5.4)

By assumption, the H1 -optimal control problem has a
solution, and the optimal control law

u = �l(�; x̂) := �R�1B02P (�)x̂ (5.5)

minimizes the cost functional (5.3) with value function
Vl(�; x̂) = x̂0P (�)x̂. Just as in the �ltering case, the
solution to the control GARE (5.4) is analyzed as �! 0.
From the dominant terms in the expansion of �1(�), we

note that if ~Q2 � Q2, then the control value function is
equivalently written as

Vl(�; x̂) = x0Psx+O(�):

Theorem 5.1 Under Assumption 3.7 with 
 > 
�, the
control law (5.5), applied to system (3.12) with the ob-
server (5.1) - (5.2), is H1 -optimal with respect to the
cost functional (3.3), and is suboptimal with respect to
the cost functional (3.4). Furthermore, it renders the
equilibrium (x; x̂) = (0; 0) exponentially stable when
wl � 0. Moreover, for all wl(t) 2 L2 , all system sig-
nals are bounded and converge to zero as t!1.

Proof: The proof follows from the derivative of the
value function Ul(�; ~x; x̂) = Vl(�; x̂) +Wl(�; ~x), [11], and

the fact that Ul = ~x0f2g (�
1
s )

�1
~xf2g + x0Psx+O(�). 2

5.2 Nonlinear Design
We now proceed to the output-feedback stabilization of
the nonlinear system (3.11).

5.2.1 Filter Design: It can be shown that the
worst-case �lter for system (3.11) obtained through the
cost-to-come methodology does not appear in strict-
feedback form. As a result, we are forced to use a re-
duced order observer obtained in the limit as � ! 0, or

_̂x1 = a11x1 + x̂2 + �f1(x1)

+
1

�
N1=2 (x1 � x̂1) (5.6a)

_̂xf2g = Af2gx̂f2g + '(x1) + B̂2u

+
1

�
�̂1 (x1 � x̂1) (5.6b)

_�s = �s(x1;�s); (5.6c)

where x̂1(0) = x̂10 , x̂f2g(0) := 0, �s(0) := �1s , and x̂10
is the initial condition for the estimate of the measure-
ment. If v � 0, then we can always set x̂10 = x1(0). The
approximate �lter (5.6) is rewritten in terms of the fast
error dynamics �(t) as
_̂xf2g = Af2gx̂f2g + '(x1) + �̂1(x1;�s)� + B̂2u (5.7)

� _� = �N1=2� + Ĉ1xf2g + g1(x1)w � Ĉ1x̂f2g: (5.8)

Using singular perturbation arguments [8], it can be
shown that as � ! 0 the approximate �lter reduces to
the �lter (4.7) obtained in Section 4.

5.2.2 Stability and Optimality Properties:
The system (3.11), the �lter (5.6), the reduced DRE
(4.8), and the fast error dynamics (5.8) are written to-

gether with � :=
h
x1 x̂0f2g ~x0f2g

~�0s

i0
as

_� = A11(�) +A12(�)� + B11(�)w + B12(�)u

� _� = A21(�)�A22(�)� + B21(�)w:

where A22(�) � (B21B
0
21)

1=2
� c

1=2
n > 0 for all �. The

feedback control law

u = � �r�1(z;�s)B
0
2�z

��
z=�(x1;x̂f2g;�s)

(5.9)

obtained in Section 4 will be utilized without any
changes, except that the states (x̂f2g;�s) will now be
provided by �lter (5.6) rather than by the �lter com-
posed of (4.7) and (4.8).

In preparation of Theorem 5.2, we de�ne the composite
state �c := [�0 �]

0
2 IR� IRn�1 � IRn�1 �Pn � IR, and

the system

_�c = F(�c) + G1(�c)w + G2u; (5.10)

where

F(�c) :=

�
A11(�) +A12(�)�

(A21(�)�A22(�)�) =�

�
;

G1(�c) :=

�
B11(�)
B21(�)=�

�
; and G2 :=

�
B12
0

�
:
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The equilibrium is �c0 =
�
002n�1

~�1
0

s 0
�0
, and the

composite Lyapunov function is de�ned as

V(�c) = U(�) + �U(�; �);

where

U := 
2
����� �A�122 A21 �

1

2
2
A�122 B21B

0
11U

0
�

����
2

A�1

22

:

Moreover, the following sets are of interest:


�(�) :=
�
� 2 IR2n�1 �Pn j U(�) � �

	

�(�; �) := f� 2 IR j �U(�; �) � �; 8� 2 
�(�)g


(�; �) := 
�(�)�
�(�; �);

where � > 0 and � > 0 are known constants. The distur-
bance signal w(t) will be permitted to be a member of
the setW2(cw2

) := fw(t) 2 L2 j kw(t)k2 � cw2
g, where

cw2
is a prespeci�ed known positive constant. We are

now ready to state the main theorem of this section (see
[4] for the details of the proof).

Theorem 5.2 Consider the nonlinear system (5.10)
with Assumptions 3.4 - 3.8. Then, for each pair (�; cw2

)
there exists a constant ��2 such that the closed-loop system
(5.10), (5.9) with � 2 (0; ��2) and

�c(0) 2 
(�; �) \
�
�s(0) = �1s ; x̂f2g(0) = 0n�1

	
and w(t) 2 W2(cw2

) achieves:

1. Semiglobal inverse H1 -optimality with respect to
a cost functional of the form

Ĵ(u;w) =

Z 1

0

�
Q(�c) + r(�c)u

2 � 
2w0w
�
dt;

where �s 2 Pn�1, Q(x; ~xf2g;�s) 2 P�0(x; ~xf2g),
r(x;�s) 2 P>0(x), and 
 > 
�� > 0.

2. The boundedness of all signals, and their con-
vergence to the equilibrium, i.e., �c(t) ! �c0 as
t!1.

3. Local near-optimality with respect to the cost func-
tional (3.3) where ~Q1, ~Q2 and R are prespeci�ed
positive-de�nite matrices, and 
 > 
�� > 0. More-
over, local suboptimality can be achieved with re-
spect to the cost functional (3.4) where Q and R
are prespeci�ed positive-de�nite matrices.

6 Conclusions

A dynamic H1 control law was introduced in Section 4
which obtains local H1 -optimality and global inverse
H1 -optimality under the assumption that the deriva-
tive of the output measurement is available for feedback.
When that assumption is dropped in Section 5 the con-
trol law achieves local near-optimality and semiglobal
inverse H1 -optimality. Unlike standard linear H1 -
designs which penalize the actual state of the system,
the performance index we consider penalizes the esti-
mation error and the estimate of the state. When the
penalty matrices are chosen carefully, the optimal con-
troller which corresponds to the modi�ed performance
index is shown to be suboptimal with respect to the stan-
dard H1 -performance index.
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