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Abstract

Recent results on locally optimal and globally inverse
optimal full-state feedback designs for strict-feedback
systems are now extended for output-feedback systems
in output-feedback form. The dynamic output-feedback
control law for such systems is constructed under the
assumption that the derivative of the measured output
is available for feedback, and achieves local optimality
and global inverse optimality with a prescribed L5 -gain.
When that assumption is subsequently dropped, the con-
trol law achieves semiglobal inverse optimality and local
near-optimality.

1 Introduction

While H, -design of linear systems has been successful,
its nonlinear counterpart has proven to be much more
difficult. Nonlinear H,, results are either local in nature
[7], yield infinite dimensional controllers [2, 1], or provide
optimality conditions without any guidance as how to ex-
plicitly satisfy them [13]. Constructive nonlinear H, -
designs, either do not achieve local H, -optimality, or
do not penalize the cost of control [6, 12]. The main ob-
stacle in achieving optimal control of nonlinear systems
is the need to solve the Hamilton-Jacobi-Isaacs (HJI)
equation. Because of this difficulty, recent research has
concentrated on inverse optimal designs [6, 5].

In this paper, we present finite dimensional dy-
namic output-feedback controllers which achieve local
(near) Moo -optimality and (semi) global inverse Ho -
optimality with a prescribed L;-gain for the class
of strict-feedback systems [9] in output-feedback form.
While we employ the locally optimal backstepping de-
sign procedure of [5] to construct the output-feedback
control law, we rely on nonlinear filter designs based on
the cost-to-come methods introduced in [3] and [10, 12]
to obtain a robust estimate of the unmeasured states.

2 Notation

Our notation is similar to that of [5], i.e., given A €
R"*", the i-th linear subsystem matrix is denoted as
Ap;)- The same notation is used for the subsets of states
xp;) and vector fields, i.e., fi;; and Gy;. We also define
A{i+1}7 A12{i+1} and A21{i+1} such that
A= | Al Atragit1y
Asiqit1y {i+1}
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The sets Koo, L2 and L, , and O(e) are defined in the
usual manner; 0, is a zero column vector of length n; I,
is an n X n identity matrix; P, is the set of symmetric
positive definite n X n matrices; P>o(z) is the set of
positive functions zero only at x = 0; and Psq(x) is the
set of strictly positive functions.

3 Problem Formulation

We consider systems in output- -feedback form
i = Az + f(x1) +Gi(z)w+ Bou  (3.1a)
y = Cuz, (3.1b)

where z € R" is the system state; w € IRY is the
unknown input disturbance; v € IR is the control in-
put; ¥ € IR is the measured output; A is a lower Hes-
senberg matrix with ones along the first upper diag-

onal; and f(z1) = [fi(z1) fn(xl)]l, Gi(z1) =
(g1 (1) gn(@)]', By = Gi(0), b; = g;(0) for
i=1,...,n, By = [0, 'eR", Cy =1 0, €
R, We assume f(zr;) and Gy(z;) are sufficiently

smooth, that f(z1) does not contain any linear terms,
and that g;(x1)gi(z1) > 0 for all z; € R. Moreover,
(A, Bs) is controllable and (A, C1) is observable.

Given system (3.1), our task is to design an asymptot-
ically stabilizing and disturbance attenuating dynamic
output-feedback control law & = F(y, Z,u), v = u(y, & ),
where Z € IR" is the estimate of the state x, and I=z—-2
is the estimation error such that &(t) — 0as t — oo for
any w(t) € Ly . We consider two problems which differ in
whether or not the derivative of the measurement output
is available for feedback. In the first problem we achieve
local H o, -optimality with global inverse H ., -optimality,
while in the second case we achieve local near-optimality
with semiglobal inverse H ., -optimality.

3.1 Derivative Information Available

The cost-to-come methodology requires that the output
y depend on the disturbance w in a non-singular way, a
requirement not satisfied by system (3.1). In Section 4,
we make the problem tractable with the following two
assumptions.

Assumption 3.1 The derivative of the output, v, is
available for feedback.

Assumption 3.2 N(x1) := g1(z1)gi(xz1) > 0 for all
xz1 € R. In the linear case, Ny := b1b} > 0.

Our local objective is to achieve H, -optimality in the
region of validity of the linear dynamics
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&1 = anzi+z2+bhwy (3.2a)
& (2} A12y21 + A2y T2y
+By paywr + Bapayu (3.2b)
y = Ciz (3.2¢)
3 = Couipy +Coz+Dowy,  (3.2d)

where 3; is the linear controlled output with z :=
[931 ii“'{2}]l. Our first objective is to find a stabilizing
control law u; = u;(y1, #{2y) which achieves a prescribed

Lo -gain v > 0 from w; to 3; under the following assump-
tion.

Assumption 3.3 Q = C5,Coy > 0, Qy = ChyCoy >
0, R = D’2D2 > 0, Céngz =0, CélDz = 0 and

éé2D2 =0, where Q1 € Pn_1, Q2 € Py, and R > 0
are prespecified.

This disturbance attenuation problem is equivalent to a
dynamic game with

Ty, wy) = / 3130 — ] dt (3.3)
0

as the cost functional. We assume that the desired level
of attenuation is achievable: v > ~* where the finite
optimal linear attenuation level v* > 0 is assumed to
exist.

In linear Ho, -designs it is common to let 3; = Cox +
Dyu, where @ := C4Cy > 0 and R = DyDy > 0 are
prespecified and C5Dy = 0, that is

&)

Jy(ug,wy) = / ['Qz + Ruj — v wjw;] dt.  (3.4)
0

We will instead achieve suboptimality with respect to
(3.4). By suboptimality we mean that a control law
which guarantees a certain level of disturbance attenu-
ation with respect to a particular cost functional also
guarantees the same level of disturbance attenuation
with respect to any other cost functional that is no larger
than the original cost functional. Hence, in order to
achieve suboptimality with respect to (3.4) for any pre-
specified ) € P,, we can always choose @)1 € P,_1 and
Q)2 € Py, such that

Ty Q1T (ay +2'Qoz > 7' Q. (3.5)
Like the standard H., -optimal output-feedback control
problem, we assume the existence of stabilizing solutions
to two generalized algebraic Riccati equations (GARE).
Assumption 3.4 Given Q)1 € Py,_1, the generalized fil-
tering algebraic Riccati equation

0 = MOXAL+ AII® + 2B, B)
I [POING - @i IR, (3.6)
with él = [1 In_Q] S RlXH?lf and
AO = A{Z} - B1{2}b’1N0_16A'1
A ! —1 ! 1/2
By = (31{2} [T, — by Ny by 1{2}) )

admits a symmetric positive definite solution IIS° such
that Ag — 72H§°C{N0_101 is Hurwitz.

Assumption 3.5 Given Q2 € P, and R > 0, the gen-
eralized control algebraic Riccati equation

0 = PA+AP+Qo
1 ~ -
+P, <?BlB{ — BQR—lBg> P, (3.7)

B 12 o
with By := [No/ 1"’10] , and
n / 21700 At —1/2
Iy, = (Bl{z}bl + 71 Cl) Ny
admits a symmetric solution Py € P, such that
1 ~ -
A- <B2R—1B; - —QBlB;> P,
Y
and A — BoR™' By P, are Hurwitz.

Our global objective is to achieve inverse H, -optimality
of the nonlinear system with respect to the cost func-
tional of the form

J(u,w) = / [3'5 — Y’w'w] dt
0

- 2
+ 221 (0)| ey -2 +lo(21(0)), (3.8)
where v > 7* and 3 is the controlled output such that

|5(t)|2 =q1 (i'{Q}) t) + @2 (g) t) + 7‘(&) t)u2 >0, (39)
q1 (i{2}7t) = JNjI{Q}(-')S(t)'i.{Q} Z 07 (I2(L t) Z 07 and
r(z,t) > 0. While ¢ (%2),t) and gz2(z,t) are positive
definite in #y5y and z respectively, r(z, ) is strictly pos-
itive. In order to simultaneously satisfy both the local
optimality objective and the global inverse optimality
objective, we impose the additional requirements

1 82‘12
0:(0) = @1, 58—22(0’0) = > and r(0,0) = R. (3.10)
Local optimality will be achieved according to the fol-
lowing definition.

Definition 3.1 An inverse H -optimal feedback con-
trol law uw = p(y,2) with value function U(x) is also
locally Hoo -optimal if the quadratic term of the Taylor
series expansion of U(zx) about the equilibrium x = 0 is
identical to the linear Hoo -optimal value function Uj(x),
i.e., &' Uz (0)] 2 = Up(x).

3.2 Derivative Information Unavailable
In Section 5 we drop Assumption 3.1 by rewriting system
(3.1) as

i = Az + f(x1)+Gi(z1)w + Bou  (3.11a)
y = Ciz+ev, (3.11b)

where v = 0 is a fictitious measurement noise and € >
0. The introduction of the virtual disturbance v puts
system (3.11) into the desired cost-to-come form. We
now strengthen Assumption 3.2:

Assumption 3.6 There exists a constant ¢, > 0 such
that N(z1) := g1(z1)g;(x1) > ¢ >0 for all z1 € R. In
the linear case Ny := b1b| > cp.
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Our local objective is near-optimality with a prescribed
Lo -gain for linear dynamics

&t = Az + Biw + By (3.12a)
u = Ciztey (3.12b)
i = Czli' + szli’ + Dgul. (3120)

Assumption 3.7 The pair (A, By) is controllable.

Assumption 3.8 Q; := C4Cy > 0, Q. = ChyCoo >
0, R = DI2~D2 >0, 6151022 =0, CélDz =0 and Cé2D2 =
0, where Q1 € Pp, Q2 € Py, and R > 0 are prespecified.

This disturbance attenuation problem is equivalent to a
dynamic game with cost functional (3.3) where 3; is de-
fined by (3.12c). We assume that the desired level of
attenuation is achievable: v > 7, where the finite opti-
mal linear attenuation level v} > 0 is assumed to exist
for each fixed value of e. Given any @) € P, subopti-
mality with respect to (3.4) can be achieved by selecting

@1 and ()2 such that

ZEIQlj + ZE’QQZE > CUIQ.T. (313)
Our second objective is to achieve semiglobal inverse
Hoo -optimality with respect to a cost functional of the
form (3.8) where v > ~*. In addition, to achieve local
near-optimality, we impose conditions (3.10). By near-
optimality we mean that the quadratic term of the Tay-
lor series expansion of the value function U/(e;x) about
the equilibrium z = 0 is within O(e) of the linear H, -
optimal value function Uj(e; x) for each fixed value of z,
ie., @' [Ups(€;0)]z — U(e; ) = O(e).

4 Design with Derivative Information

The system (3.1) is equivalently written as

T1 = a1121 + T2+ f1($1) + g1(.7:1)w (4.13,)

By = Asipoya + Ay + fray(21)
+G1{2}(.’II1)U} + B2{2}U (41b)
Yy - Clma 4:].C)

where the pair (Asy, Ba2y) is controllable.

4.1 Local Design: Derivative Information
For the cost-to-come methodology we define the ex-
tended linear output

g1 =& —anuz = @2 + bw = Crzpsy + Diw

in which the pair (A{z},é’l) is observable. The robust
linear observer for system (3.2) is

oy = Asi(2yT1 + ApyEpey + D1y@1 + Bopyur, (4.2)

where

@ ipy) = N (- Ciigy)  (@43)

is the equivalent disturbance, and flo is defined by As-
sumption 3.5. The matrix II3° is the solution of the

filtering GARE (3.6) and W; = &,y (II°) ™' &y} is the
value function.

By rearranging (4.3), and expanding the extended out-
put g; in terms of &1, we write the observer dynamics as

(4.4a)
(4.4b)

0 =

T =

WS(O,H:O)
Az + Byw; + Bow,

where Bj is defined by Assumption 3.5 and (4.4a) rep-
resents the filtering GARE (3.6). Hence, there exists an
H oo -optimal contggl law which minimizes

Sy(w, @) = [2'Q2z + Ru® — vy dt.

0

The value function for this problem is V; = 2/ P;z, where
P, € P, is the solution of the control GARE (3.7) and

u = w(z) = —R™'By Pz (4.5)
is the optimal control.

Theorem 4.1 Under Assumptions 3.1 - 3.5, the control
law (4.5), applied to the system (3.2), in conjunction
with the observer (4.2), is Heoo -optimal with respect to
the cost functional (3.3), and is suboptimal with respect
to the cost functional (3.4). Furthermore, it renders the
equilibrium (x,22y) = (0,0) exponentially stable when
w; = 0. Moreover, for all wi(t) € Lo, all system signals
are bounded and converge to zero as t — 00.

Proof: The proof follows from the time derivative of
Uz, i’{Q}) =Vi(z) + VVl(i’{Q}) (4.6)

and [11]. Moreover, if Q; € P,—1 and Q2 € P, are cho-
sen such that (3.5) holds for a given Q) € P, then it can
be shown that the control law (4.5) is also suboptimal
with respect to the cost functional (3.4). o

4.2 Global Design: Derivative Information

We proceed to the nonlinear design by applying the cost-
to-come methodology to design a robust observer. The
locally optimal design [5] is then applied to the observer
dynamics augmented with the extended output dynam-
ics to obtain a locally H . -optimal and a globally inverse
H oo -optimal output-feedback control law.

4.2.1 Filter Design: As dictated by the cost-
to-come methodology, we define

§ = i1 —anzi— fi(z1) =22+ gi(x1)w
= Clx{g} + ng(xl)w,
where I-:Tlg(:rl) = g1(x1). Without loss of generality, we

set £13(0) = 0, while x753(0) is unknown. The robust
observer for this system is of the form

Zray = Apy@poy + (1) + T1 (21, L)@ + Bagayu, (4.7)

where ¢(z1) = Azl{z}iﬂl + f{2}($1)a w(l’la?,fm}) =
N2 () (ﬂ - CA'1£E{2}), and

I = (01{2}(931)9; (1) +72HSC'{) N=Y2(zy).

The matrix II, is the solution of the differential Riccati
equation
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Hslel + AHS + ’)/_2BBI
L, [2CIN (@)1 - 0, T, (4.8)

I, =

with initial condition II,(0) = II$° > 0, where
i = Apy — Gipy ()91 (z1)N 7 (21)Cy

A1)
! -1 ! 1/2
(GI{Q} [I-giN""g1] 1{2}) ’

N

B(l‘l) =

and Ay = A(0), B, = B(0). Note that whenever
G1(z1) = By, the DRE (4.8) is time-invariant.

We let O = y2II;' MII;! where M = 4*TIQ, I €
Ppn—1 to ensure that the DRE (4.8) has a symmetric pos-
itive definite solution for all time. The matrix @, is
prescribed by the cost functional (3.3), and IIS° is the
steady-state solution of the filtering GARE (3.6). This
choice of @4 guarantees that if z1(t) € Lo, then II(t)
is symmetric positive definite for all £ > 0 and there
exist constant positive definite matrices which bound
I1,(t) from above and from below (see [4]). Furthermore,
lim; o x1(t) = 0 implies

H i o0 M j—
tlgrolo I, (¢t) =TI°  and tll>rrolo Os(t) = Q.

The value function for the filtering problem is W =
:7:’{2}1'[;153{2}, and its time derivative satisfies

W< — |a§{2}|é — 7V w'w 4+ Y w'w.

4.2.2 Control Design: The observer dynamics
and the auxiliary output equation are rewritten as

I, = = (Ela Hs) (493‘)
z Az + f(gl) + G’l(gl, IIs)w + Bou, (4.9b)

where Gy (z,,11,) 1= [N'/2(z)) f"l(gl,Hs)]l, and w is
the equivalent disturbance. The linearization of this
system is given by (4.4) where I € P,_; is the
steady-state solution of the filtering GARE (3.6), and
By := G1(0,II%°). As shown in [5], the solution P, of
the GARE (3.7) admits a unique Cholesky factorization
of the form L' AL. Hence, the locally optimal design pro-
cedure of [5] can be utilized to construct a control law
u = p(z, 1) :== —r~'(z,1,) ByA® (2, IT,)  (4.10)
and a diffeomorphism z = ®(z, I1,) for system (4.9) such
that the time derivative of V'(z,II;) = 2’ Az satisfies

V < —go(z,10,) — r(z, IL,)u? + 7o' .

Theorem 4.2 Under Assumptions 3.1 - 3.5, there exist
positive functions qi(Ty2y,11s), q2(z,1L5), and r(z, ),
which satisfy property (3.10) and

71 (Z(2y,115) € P>o(Z(2y), q2(z,1L5) € Pxo(z),

r(z,1s) € Pso(z), for all Iy € Py_1, such that the con-
trol law (4.10) applied to system (4.1) with the observer
(4.7) and the filtering differential Riccati equation (4.8),
is locally H oo -optimal with respect to the cost functional

(3.8) and globally inverse Hoo -optimal with respect to
the cost functional (3.8). In the absence of a distur-
bance, w = 0, the equilibrium (z, %2y, 1) = (0,0, 115°)
is GAS and LES. In the presence of w(t) € Ls, all sys-
tem signals are bounded and (x,%(2y,11) — (0,0, 115°)
ast — oo.

Proof: With this control law, the system composed of
(4.1), the observer dynamics (4.7) and the DRE (4.8), is

1 = a11x1 + T2 +f1(£61) +N1/2(m1)w (4.11&)
By = Angmm + Ay + fray (@)

+T1 (21, 1L,) + Bapoyu (4.11Db)

ﬂ'Lj{Q} = ATy + Gipy(r)w — [y (21, 11,)w(4.11c)

I, = m,(z,1,). (4.114d)

The value function for the extended system (4.11) is
U(&s) = V(z,Ils) + W(iq2y, ;) 20, (4.12)

—

’ Y
where & 1= |x1 a’?'{2} :E’{Q} H;] = [g’ :E’{Q} I |,
and its time derivative satisfies

U < —qu#py, 1) — g2z, 11)

—r(z, I,)u? + y*w'w.

Note that U(&s) is positive definite and radially un-
bounded in (z(t),Z{23) € R*™! for each II, € P,_1,
and that there exists a function p(-) € K, such that
p(lz1]) < V(z,II,) <U(&) for all z € R®, 2oy € R,
and all I, € R*™"*"~!. Although U(¢,) is not radially
unbounded in II, it can be shown that &(t) is defined
for all ¢t € [0,00) and that z1(t) — 0, Z{5;(t) — 0, and
Tyo3(t) — 0 as t — oco. Furthermore, I () — I1° and
Os(I,(t)) —» Q1 as t — oo. Moreover, at the equi-
librium, &, := (0,0/,_4, ;L_l,ﬁgol), the value function
(4.12) satisfies

& [Uee, (€s0)] €5 = CEI{2}(Hcs>o)_1~7~5{2} +2'Pz = U,

where U, is the value function (4.6) for the linear prob-
lem. Hence, the control law (4.10) achieves local H, -
optimality with respect to the cost functional (3.3), and,
by Theorem 4.1, achieves local suboptimality with re-
spect to the cost functional (3.4). O

5 Locally Near-Optimal Design

We now drop the preliminary Assumption 3.2 that the
derivative of the output measurement is available for
feedback. Instead, we follow [10, 12] and modify the sys-
tem by adding a fictitious measurement noise multiplied
by a known positive constant €. The modified system
satisfies the assumptions of the cost-to-come methodol-
ogy so that a robust observer can be constructed. In the
limit as € — 0, this observer matches exactly the observer
obtained in Section 4. With e sufficiently small, this ob-
server will help us design a system which is semiglobally
inverse H -optimal and locally near-optimal with a pre-
scribed Lo -gain.
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5.1 Local Design

The H -optimal filter for system (3.12) is given by
0 = TI°(e)A’ + AlI®(¢) + v 2By B;
2 ~
—T1%(e) {Z—zc;cl - Ql} () (5.1)
. ’)/2
& = Az + —1>(e)Ci( + Bau, (5.2)
€

where ¢ := ¢ 1C1% = ¢ '#;. By Assumptions 3.7 and
3.8, and the fact that (A, Cy) is observable, a symmetric
solution II*°(e) € P, to the filtering GARE (5.1) exists
for all v > ~, [2]. The value function for the H, -optimal

filtering problem is W (e; ) := &' (II®(€)) " Z.

Similar to singularly perturbed optimal control problems
and H., -optimal control problems, the solution to the
GARE (5.1) admits an asymptotic expansion about € =
0. Thus, the filter value function can be rewritten as

Wi(e; &) = Tpay ()~ Tyoy + O(e).

To meet the local H, -optimality objective we construct
a linear Ho -optimal control law w = p; (&) which mini-
mizes the cost functional

Jy(u, Q) = /Oo [:E’QQ:E + Ruf —y*C*|dt.  (5.3)
0

when applied to the observer dynamics (5.2) where (
plays the role of the equivalent disturbance. The con-
trol GARE corresponding to this H, -optimal control
problem is

0 = Pe)A+AP(e) + Qo

+P(e) Z—jnm(e)ciclnm(e) — BoR7'BYy| P(e).(5.4)

By assumption, the H ., -optimal control problem has a
solution, and the optimal control law

u = w(e;#) ;== —R™'ByP(e)7 (5.5)
minimizes the cost functional (5.3) with value function
Vi(e; ) = 2'P(e)#. Just as in the filtering case, the
solution to the control GARE (5.4) is analyzed as € — 0.
From the dominant terms in the expansion of II*(¢), we

note that if Q» = Q-, then the control value function is
equivalently written as

Vil #) = 2' Pz + O(e).

Theorem 5.1 Under Assumption 3.7 with v > ., the
control law (5.5), applied to system (3.12) with the ob-
server (5.1) - (5.2), is Heo -optimal with respect to the
cost functional (3.3), and is suboptimal with respect to
the cost functional (3.4). Furthermore, it renders the
equilibrium (xz,Z) = (0,0) exponentially stable when
w; = 0. Moreover, for all wi(t) € Lo, all system sig-
nals are bounded and converge to zero as t — 0o.

Proof: The proof follows from the derivative of the
value function U(e; &, &) = Vi(e; &) + Wi (e; &), [11], and
the fact that U = &, (1) ™" &2} + 2'Psz + O(e). O

5.2 Nonlinear Design
We now proceed to the output-feedback stabilization of
the nonlinear system (3.11).

5.2.1 Filter Design: It can be shown that the
worst-case filter for system (3.11) obtained through the
cost-to-come methodology does not appear in strict-
feedback form. As a result, we are forced to use a re-
duced order observer obtained in the limit as € — 0, or

an®y + &2 + fi(z)

T, =
+%N1/2 (zy — &) (5.6a)
:E{z} = ATy + o) + Bsu
+%fl (21 — 1) (5.6b)
I, = m(2,1,), (5.6¢)
where 1 (0) = &1,, £123(0) := 0, II;(0) := [, and 2y,

is the initial condition for the estimate of the measure-
ment. If v =0, then we can always set &1, = z1(0). The
approximate filter (5.6) is rewritten in terms of the fast
error dynamics ((t) as

1’{2} = A{Q}Z’{Q} + (,0(1'1) + Fl (1‘1, S)C + B2u (57)
eé = —N1/2C + 0135{2} + g1 (z1)w — élff{z}- (5.8)

Using singular perturbation arguments [8], it can be
shown that as e — 0 the approximate filter reduces to
the filter (4.7) obtained in Section 4.

5.2.2 Stability and Optimality Properties:
The system (3.11), the filter (5.6), the reduced DRE

(4.8), and the fast error dynamics (5.8) are written to-
!

gether with £ := [a:l 53’{2} 5:’{2} ﬁ’s as

£ = (&) + A(O)¢ + Bu(©w + Bia(Hu
e = An() — An(€) + Bau(@w

where As (&) = (Ba1Byy)? > ex/* > 0 for all €. The
feedback control law

u = —i (2,11, ByAz| (5.9)

z= <I> zl,z{g} H )
obtained in Section 4 will be utilized without any
changes, except that the states (&yyy,Ils) will now be
provided by filter (5.6) rather than by the filter com-
posed of (4.7) and (4.8).

In preparation of Theorem 5.2, we define the composite

state & = [¢' C]' eRxR"!xR"!xP, xR, and
the system

£ = F(&) + Gi(&)w + G, (5.10)
where

A1y (6) + A1z()C
Flee) = {(AM() AM))/J’

6= [B19] e 0= [0
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The equilibrium is &, = [ S ﬁgd O]I, and the
composite Lyapunov function is defined as

V(&) =U(§) + (¢, 0),

where
2

_ 1 _
U:= 72 ¢— -/4221-'421 - 2_72“42218218111% L
Azs

Moreover, the following sets are of interest:

Qe (8) {€e R x P, | U®) <8}
Qc(B,e) == {CeR|eld(& () <B, VE€Q(B)}
Q(ﬂ,E) = Qﬁ(ﬂ) X QC(ﬁae)a

where 8 > 0 and € > 0 are known constants. The distur-
bance signal w(t) will be permitted to be a member of
the set Wh(cw,) := {w(t) € L | ||w(t)|ly < cws,}, where
Cw, 18 & prespecified known positive constant. We are
now ready to state the main theorem of this section (see
[4] for the details of the proof).

Theorem 5.2 Consider the nonlinear system (5.10)
with Assumptions 3.4 - 3.8. Then, for each pair (8, cy,)
there exists a constant €5 such that the closed-loop system
(5.10), (5.9) with € € (0,€}) and

£:(0) € (B, ) N {I1,(0) = I1°, &23(0) = 01}
and w(t) € Wa(cw,) achieves:

1. Semiglobal inverse Hoo -optimality with respect to
a cost functional of the form

Juw) = | T 10(6) + r(E)? - Pu'w] dt,

where Il € ’Pnfl, Q(g,i{g},ﬂs) S 7320(2,53{2}),
r(z,Ils) € Pso(z), and v > ~v* > 0.

2. The boundedness of all signals, and their con-
vergence to the equilibrium, i.e., £.(t) — &, as
t — oo.

3. Local near-optimality with respect to the cost func-
tional (3.3) where Q1, Q2 and R are prespecified
positive-definite matrices, and v > vy > 0. More-
over, local suboptimality can be achieved with re-
spect to the cost functional (3.4) where Q@ and R
are prespecified positive-definite matrices.

6 Conclusions

A dynamic H control law was introduced in Section 4
which obtains local H., -optimality and global inverse
Hoo -optimality under the assumption that the deriva-
tive of the output measurement is available for feedback.
When that assumption is dropped in Section 5 the con-
trol law achieves local near-optimality and semiglobal
inverse Hoo -optimality. Unlike standard linear Ho, -
designs which penalize the actual state of the system,
the performance index we consider penalizes the esti-
mation error and the estimate of the state. When the
penalty matrices are chosen carefully, the optimal con-
troller which corresponds to the modified performance
index is shown to be suboptimal with respect to the stan-
dard H -performance index.
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