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Backstepping Design with Local Optimality Matching
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Petar V. Kokotovic Fellow, IEEE

Abstract—in this study of the nonlinear H=-optimal control  bility at each step of the control design, but it does not clarify
design for strict-feedback nonlinear systems, our objective is to what choices will lead to a better overall design.
construct globally stabilizing control laws to match the optimal In this paper, we approach ti&>-optimal control problem

control law up to any desired order, and to be inverse optimal with for strict-feedback I ¢ b bining the Tavl
respect to some computable cost functional. Our recursive con- '0F Strict-leedback nonlinear systems by combining the faylor

struction of a cost functional and the corresponding solution to the S€ries approach with the backstepping design. Our objective is
Hamilton—Jacobi—Isaacs (HJI) equation employs a new concept of to construct globally stabilizing control laws which match the
nonlinear Cholesky factorization. When the value function for the optimal control law up to any desired order and are inverse op-
system has a nonlinear Cholesky factorization, we show that the 5| with respect to some computable cost functional. Our re-
backstepping design procedure can be tuned to yield the optimal - .
control law. cursive procedure employs a new concept of nonlinear Cholesky
factorization, such that the given positive definite function is
equal to the sum of squares of the state variables when ex-
pressed in appropriate coordinates. We derive conditions under
which a given positive definite nonlinear function has a non-
I. INTRODUCTION linear Cholesky factorization. When the optimal value function
FTER a successful solution of the line&#*-optimal has a nonlinear Cholesky factorization, we show that the back-

control problem, recent research attention has beg}?pping procedure can be tuned to yield the optimal control de-

focused on the robust control design of nonlinear systerﬁ'@n'we develop a recursive computation scheme for an factor-

[2]-[6]. The dynamic game approach [7] provides a naturig@ble nonlinear function that matches the optimal solution up

setting for worst-case designs and requires the solution Ofoaany desired order of Taylor series expansion. Using this ap-

Hamilton—Jacobi—Isaacs (HJI) equation proximating function and its nonlinear Cholesky factorization,

Although a general solution method is not available for HyYe recursively construct the desired matching controller by an-

equations, a local solution exists when the nonlinear system Iﬁger backstepping procedure. A simulation example illustrates

a controllable Jacobi linearization and the cost functional hd¥ thgoreticql findings. A detai!ed discussion of the first order
a Taylor series expansion with quadratic leading terms. Similg\amh'ng deSIQn can be. found in [16.]'

to the solution of the Hamilton—Jacobi—Bellman equation [8], Invgrse optlmal_de5|gn_ for nonlinear systems has been
[9], the solution to the HJI equation can be found by computi vestigated in earlier studle_s [17], [18]. In [17], .robust control
the coefficients of its Taylor series expansion [10]-[12]. Thidroblems for systems subject to bounded disturbances are

Taylor series solution may provide an adequate approximatiﬁwd'ed’ fqr which  robust Inverse optimal controllers that
to the optimal control law in a small neighborhood of the Origilquargntee Input-to-state stability of the closed-loop systems are
but it may be unsatisfactory, or even unstable, in a larger regit?rji).ta'ned' In [18], it IS ?hOW” th_at mput-to-s:.tate_ stability 'S.bOth

Among the recent advances in nonlinear feedback design dicessary and ;ufﬁqent for_ inverse optimality of nonlmgar
veyed in [13] and [19], a systematic procedure, known as in _stlem_s. The Obl‘?c“"e of this paper, on th_e other ha}nd, IS to
grator backstepping [14], is applicable to nonlinear systems fagn inverse optimal controller; which ach!eve a desired level
strict-feedback form. This procedure has been perfected in agpﬁ;;:z‘;urbance attenuation with any desired order of local
cent book [15]. The backstepping design offers a lot of flexi- ) . . .

[15] PpRINg g We formulate the problem in Section II. In Section IlI, we
present nonlinear Cholesky factorization, which is utilized for
the backstepping design in Section IV. A numerical example
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where and, when the solution is available, the optimal control law is
z=(x1, ..., xn) state variable with:(0) = 0; given by
U scalar control input; . L1 -
w g-dimensional disturbance input. w=p(z) = —5r () BV, (4)

We will denote the set of locally Lipschitz feedback control laW\?\/hiIe it is very difficult to obtain}’

in an explicit form,
u = u(x) by M,,. We consider that the disturbaneeis gen- (2) AP

X it is relatively simple to compute the Taylor series expansions
erated by some adversary player according:(6) = v (¢, ), of V(z) and*(z) aroundz = 0, see, for example, [8]-[10],

wherer: [0, o) xR" — R is piecewise continuous trand lo- [2], [11], [12]. Truncated Taylor series expansions yield near-
cglly Lipschitz inz. We will denote the set of disturbance Stratec')ptimal controllers when s close to the origin, but, when| is
giesu(t, x) by M,,. . large, they may not guarantee stability for the nonlinear system.
_ This nonlinear system can be compactly/ Written - as o, gesign objective is not only to match the optimal control
@ = f(z) + Bu+ H(z)w, whereB = [0 --- 0 1J'. ASSOCI-  gagian yp to any desired order, but also to guarantee global sta-
ated with it, we introduce a cost ﬂ;ncnonalz fO_ iz, 7?) dt_’ bility and inverse robust optimality of the closed-loop system.
where l(z, v) = q(z) + r(z)u’t The design objective rpis ohiactive is made precise with the following two defini-

is to minimize the worst case disturbance attenuation le

infyep, S, J2/|wll =+, where ||| denotes pogniion 1. A smooth control law.() is locally optimal

tThhe L2 mln_rm O;ISO 5|gn_a| ?ndy IS Ithe (k))||ot|ma:] pencormffjmce'fmatching to thenth order,if the truncation of the Taylor series
€ noniinear optlmg CF’“”O problem then consists 0expansion ofu(x) up to themth order is equal to that of the
the evaluation ofy* and finding a controllep, € M, that

. . . . worst-case optimal control law*. &
guarantees any desired disturbance attenuationdevel”. Definition 2: A smooth control law:(x) is inversely robust
This nonlineatH *° problem has been shown [7] to be closel

. : ) Yptimalif there exists a nonnegative functiéf, u) = j(z)+
related to a class of zero-sum differential games with the C%’%?[x)uQ such that the zero-sum game with cost functional
functional indexed by the desired attenuation leyel

o>
oo .]i:/ [z, w) — ~*|w|?) dt 5
Jy=J— 72 ||Jwl? :/ (l(a:, u) — fVQw’w) et (2) B 0 ( (@) =77l ) ©)

0 admitsy(x) as its minimax control law. Furthermore, the value
where the control is the minimizer and the disturbance is tifi¢nction V.,; associated with the cost functioné|; andg are
maximizer. We are particularly interested in the upper value gdially unbounded, and the functiéris positive for anyx €
the gameinf e a1, sup,c o, Jo- FOr anyy > +* the upper R™. &
value of this zero-sum game zerowhenz(0) = 0.2 On the Throughout the paper, any function with an “over bar” will
other hand, for any < v* the upper value is strictly positive. denote a function defined in terms of the transformed state vari-
Because of the above stated equivalence, we will focus on &@les, such asdenotinga(x) expressed in terms of a new state
zero-sum differential game problem (2) for a given valug.of Vvariablez. Given any polynomial functio#’”, we will denote its

The following two assumptions characterize the functions ith order homogeneous terms bi,,;, and its homogeneous

this study. terms up tomth order byV' ™, so thatvl™l = 3~ 'V{,;. For
Assumption Al:The nonlinear functions f;, h;, asmooth functioV,V},, denotes thenth order homogeneous

i = 1,...,n, g andr are C™ (or simply smooth) in all termsin the Taylor series expansioniofiround the origin, and

of their arguments. The open loop system of (1) has the orighft™ denotes the homogeneous terms uprith order in the

as an equilibriumy; (zy, ..., ;)|ls=0 =0,i=1, ..., n. ¢ Taylor series expansion. The variable- (z1, ..., 2,) denotes
Assumption A2:The weighting functior(z, ) is positive the transformed coordinates for the nonlinear system.

definite and radially unbounded in and«, andi(0, 0) = 0. Using this notation, we make the following basic assumption.

Furthermore, the Hessian ofz) evaluated at 0 is a positive Assumption A3:The Taylor series expansion of the
definite matrix@,. The function-(x) is positive for anyz. In  optimal value function is given up tgm + 1)st order

particularr(0) = R; > 0. O V[mﬂ](x)_ = V(=) + Vg () + et Vim41)(2), and the
The value function to the nonlinear zero-sum differentialaylor series expansion of the minimax control lai(x) is
game problem satisfies the HJI equation given up tomth ordery*™l(x) = pfy () + - - + i 5 (2) =

—(1/2)(r~ (=) B’V
Vo(2)f(z) + — Vo(z)H(z2)H (2)V,(z
( ) ( ) 472 ( ) ( ) ( ) ( ) I1l. A N ONLINEAR CHOLESKY FACTORIZATION

1 —1 AV _
— 1Vel@)Br (@) BV, + ¢() =0 C) In the earlier linear-quadratic matching backstepping design

[16], the key step that prescribes all the backstepping coef-

ficients is the Cholesky factorization of the quadratic value

I\we assume that the weighting function is quadratic.ifor the more general function. In this section, we study the nonlinear version of the
casd(x, u) = q(x) + p(x)’u+ r(x)u?, we can easily remove the cross termCholesky factorization.

: € can easily remov ( or N _
by a simple redefinition of the control variabie= u + » pa). . For any given positive—definite and radially unbounded non-

In the case whem(0) is not zero but fixed, we have the following mequahtyl. " tionV’ int ted in th d suf
it 4 > 10, [T Iz, w)dt < 42 [T w'wdt 4 C, for some constart’ > 0,  linear functionV (), we are interested in the necessary and suf-

which depends only on the initial condition, and for any terminal ine 0. ficient conditions under which there exists global upper trian-
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gular diffeomorphismx = ®(x) such that’(x) = &'(2)®(x), where®, is a simple upper triangular diffeomorphism; aad

where? is called upper triangular if it can be written as is a diagonal matrix
2 br(z1, ..., o) 7 A =diag{b1(z1, ..., Tn), 62(x2, ..., Tp), ..., Onlxn)}
z=| | = z=|:|. (6) ()
#n Pn(wn) Ln such that, foreach=1, ..., n
Without loss of generality, we will limit our attention to zero 8 ) >0 8)
preserving transformations, that i,= ®(0). While a lower '
triangular transformation is important for the backstepping con- 5i(Tis - Tn)
trol design, we pursue a upper triangular transformation justto = (i, ..., Tn) + (7 — @i(Tit1, -0y Tn))
parallel the well known Cholesky factorization for positive—def- ) a6; (s ) > 0 )
inite matrices. The result obtained below has a direct counterpart Ox; "
for lower triangular transformations if we reverse the ordering  lim  |(@; — a;(®ig1, -+ .\ Z0))0: (T4, ooy Tp)| = 0
of the state variable&ey, ..., z,). lzi] =00
The Jacobian of the mappirigis (10)
- 9y - forall z € R™.
= * e * Proof: The sufficiency part is straightforward by ob-
0z, serving the diagonal of the Jacobian &®, is exactly
9% 0 % " diagonal{ms1, ..., ms, }, Which is nonsingular. Furthermore,
T Ox2 the unboundedness condition (10) implies that the diffeomor-
: : : phism® is global.
S For the necessity part, we_observe thate, ..., z,) =0,
0 o .- e foranyi = 1, ..., n, hasaunique roat; = a;(ziy1, ..., 75)
) e wheni = 1,...,n—1,0rz, = 0 = «a,. The functions
wherex denotes terms of no particular interest. Since the mags, ..., «,, are smooth by the positivenessap; /9x;. This

ping ® is a diffeomorphism, the Jacobian is always nonsingulaniquely defines a simple upper triangular diffeomorphm
and the diagonal partial derivatives are nonzép,/dz; # 0,
Yz € R™. Therefore, these quantities are sign definite. Without xy = ar (@2, .oy Tn)
loss of generality, we consider ordywhere the diagonal terms n=>o.(x)= :
of 8®/Jx are positive.
Definition 3: An upper triangular diffeomorphisd: R™ —
R™ is said to bepositiveif the diagonal partial derivatives areThen, the positive and smooth diagonal matkixs defined by
positive,d¢; /0z; > 0,1 =1, ..., nforanyz € R™. &
The Cholesky factorization of a nonlinear radially unbounde@i(xh T = Gi(&iy -5 Tn) . i=1,....n.
functionV(x), wherex € R", is defined as follows. o ’ T = i(Tig1; oo Tn)
Definition 4: A radially unbounded> function V() is , _ .
said to admit a nonlinear Cholesky factorizationVifz) = WhEe\;gluatmg&Z +71:(00:/0;) = 3(/%{ ()a\fésih%égaiigﬁ.e.s: g))
@’'(z)®(x) for some global positive upper triangular diffeomor: i = T~ 01 (T, -, Tn), P
) The property (10) is sat|sf|ed S|nd:&n|,, |—o0 [¢hi] = oo. This
phism with®(0) = 0.
completes the proof.
It will be shown later that the nonlinear Cholesky factoriza- N
To obtain the nonlinear Cholesky factorization6fz) we
tion is unique within the class of positive diffeomorphisms. . ) .
will go throughn steps of a recursive construction. As shown

Given a positive upper triangular state transformatior: in the following lemma, the objective of each step is to find one
& (), itis still quite difficult to obtain the inverse transformation 9 ) P
coordinate transformation.

of ®. To simplify this, we introduced the notion of the S|mple Lemma 1: Consider a nonlinear functidii(a, b), wherea is

upper triangular diffeomorphism. . . . )
Definition 5: An upper triangular diffeomorphiseh: R™ — a scalar andlis a vector. Assume the following conditions hold:

L,

R™ is said to besimpleif d¢;/0z; = 1,4 = 1, ..., n. Then, ~ C€1) VisC™inall of its arguments; _
the individual coordinate map is given ly(z;, ,xn) = C2) thereis a constar? > 0 such that, for each fixed,
i — @ (Tig1y ooy Tp), 8 =1, , n, wherea;, 1 = 1 , V(a,b) > C,Va e R;

(we have sety, = 0) are arbltrary smooth functions such that C3) for each fixedd, V' is radlally unbounded i, i.e.,
a;(0) = 0. & limjg| 00 V(a, b) =

There exists an equivalence relationship between the posith/een, there exists a unique mappgﬁ@, b) such that
upper triangular diffeomorphisms and simple ones in terms of 1) ¢ is C* in all of its the arguments;
yet another factorization. 2) for each fixedb, (3¢/Ja)(a, b) > 0, Va;

Proposition 1: An upper triangular diffeomorphisn® is 3) for each fixed b, ¢ maps R onto R, ie.,
positive if and only if it can be uniquely factored @s= A®,, limq)— o0 [P(@, b)| = o0;
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4) the functionV can be decomposed as V =V +¢? =V, + ¢2, we haveeithera) V(o) # V.(bo) or
_ 7 2 b) ¢(ao, bo) = —¢s(ao, bo) # 0.
Via b) = ‘f(b) +é (a’Ab) (11) In case of b), we observe the following equality:
for someC= functionV', such that’(b) > C for anyb. av ¢
If and only if the following condition holds: Da (@0, bo) =2¢(a0, bo) 9a (a0, o)
E1) for each fixedb, 9V /da = 0 has a unique roat = _q by 9P 0 b
a(b), which is simple, i.e., 9+(a0, o) 5 (a0, bo)-
v 2V This is a contradiction because botti¢/da)(ao, bo) and
P (ce(b), b) = 0; Sak (a(b), b) £ 0 v b. (0¢./0a)(ag, by) are positive by statement 2.
a a

In case of a), we conclude thata, by) # ¢.(a, by), Va. In

Proof: To prove sufficiency, we let condition&l), particular,0 = ¢(a(by), bo) # ¢+ (c(bo), bo). This leads to the
C1)-C3) hold. ConditionsC2) and C3) imply that, for each gntradiction

fixed b, the functionV” has at least a local minimum in This, ) av
coupled with the smoothness assumpt@t) and uniqueness 0 = 2¢(albo), bo) 9a (a(bo), bo) = Da (albo), bo)

assumptionEl), implies that the minimum is achieved at O
a = a(b), so that{ 9>V /da?)(«(b), b) > 0, ¥ b. The nonsingu- =2¢.(a(bo), bo) Ja ((bo). bo) # 0
larity of (§%V/da?)(a(b), b) guarantees that the root functionwhere the last inequality follows from statement 2. Conse-
a(b) is C* by the implicit function theorem. guently, the hypothesis is not valid, and the mappihdgs
Let V andr be defined as uniquely defined. This completes the sufficiency proof.
f/(b) = V(a(b), b) (12) To prove necessity, we assume that there exists a mapping
oV satisfying the statements 1-4. Then
—a(b b):=— (a, b). 13
(a—a(B)m(a, b) == 5 (a, b) (13) Y 1) = 20000 % (a,1)
a a

Then it follows fromC2) thatV'(b) > C for anyd. The function |t is concluded that(&V/da)(a, b) vanishes if and only if
7 is well defined because = «(b) is the root of the™ func- 4, ) — 0, because of statement 2. Again by statementig,
tion dV//da. By E1) and the fact that(b) achieves the min- gyicily increasing inz. Coupled with radially unboundedness
imum, we have thabV’/da > 0, Va > «(b); 8V/0a < 0,  statement 3, we conclude that there is a unique @ost ()
Va < ofb). Therefore;r(a, b) > 0, ¥(a, b). This allows the or the equations(a, b) = 0. Along with conditionsC2) and

following definition of aC> positive functionm(a, b): C3), this implies that, for each fixedl, the functionV has a
V(a, b) — V(a(b), b) =: m(a, b)(a — a(b))?  (14) Unique minimum inz. The resultEl) follows from
_ 9?v ¢ :
since . Tz (a(b), b) =2 <% (a(b), b) >0

Vi(a, b) — V(a(b), b) = / (s —a(b))n(s, b)ds. (15) and consequently, the necessity part of the lemmaQ.E.D.
) ) ] o(®) We observe that the construction of the mappini the
The mappingp is then defined by above lemma involves the following steps. First, we solve for
P(a.b) := (a— a(b))6(a, b); &(a, b) := \/m(a, b). (16) the unique smooth root functiom(b), which is guaranteed to
exist by the conditiorE1). Next, we can define the function
by (12). Then, mapping is given by (16).
Now, we are in the position to present thestep recursive
construction for the nonlinear Cholesky factorization of a given
radially unbounded, positive—definite, and smooth funclion

Statement 1 follows from the definition gfandé. Statement
3 holds by the assumptio@3) and the definition ofp, while
statement 4 holds by the definition 6’fand¢.

For statement 2, we evaluate the partial derivatives

¢ (a,) = 6(a,b) + (a — (b)) a6 (a,b) = 75(a,b) Step 1: For notational consistency we 1&t(x) =: Vi(x).
59{} 5 da Since V() is C*> and radially unbounded, the conditions
I (ab)= ((SQ(a7 b)(a — a(b))Q) C1)-C3) of Lemr/na 1 are satisfied fo¥, with @ = z; and
da da b= (2, ..., z,).
=2(a—a(b))é(a, b)(6(a,b) + (a—a(b)) 9 (a,b))  Asdelineatedinlemmal, in order for a smooth transforma-
da tion ¢ (z) to exist we make the following assumption:
=(a - a(b))m(a,b) B1) for any fixedn — 1 dimensional vectofz, ..., z, ),
Hence, the identity the algebraic equatiofl; /9x, = 0 has a unique root
9 b z1 = a1 (T2, ..., xp), Which is simple
9 ay="T20 o v 92V,
da 26(0’7 b) —Q(QI(‘I?? (AR 'Tn)v L2, -+, 'Tn)7£0
which proves statement 2. Iy

Next, we show that the mapping(a, b) is unique, which Under this assumption, there exists a smooth mapping

further implies the functio®” is unique. We will prove this by 21 = ¢1(x1, ..., ¥,) and a smooth nonlinear function
contradiction. Suppose there exists another mappingvhich  V2(2, ..., #x) such that
corresponds to a functiol,, that also satisfies the statements R1.1)for any fixed (z2, ..., z,),

1-4, andé(ao, bo) # ¢«(ao, bo), for some(ao, by). Because (O¢1/0x1 ) (@1, ..., zp) > 0,V € R;
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R1.2)for each fixed(zo, ..., z,)’, ¢1 mapsR ontoR, i.e., Furthermore, at theth step, we havé/,.; = 0, which is
limyg, | —oo [P1(21, ..oy @n)| = 005 equivalent to
R1.3) the functionV; can be decomposed as ) )
, Vig)=¢i+ -+ . a7
Vilzy, ..o 2n) = Vol(ze, oo, zp) + 1 (21, -0, @) _ . .
This completes the-step recursive construction of the non-

We note here that the assumptiBm) is also necessary for thelinear Cholesky factorization, which is summarized as follows.
existence of the transformatign as proved in Lemma 1. Since Theorem 1:A positive definite, radially unbounded, posi-
the zero vector is the global minimum of the functibih we tive—definite, and smooth functiol (z) with + € R™ has a
have unigue nonlinear Cholesky factorizatien= ®(x) if and only
R1.4) the mappingp, is zero preservingp, (0) = 0. if the assumption81)-Bn) are satisfied. Furthermore, under

Since V; is radially unbounded, positive—definite, andh€ Same assumption{x) can be factored as
smooth, we can conclude that the nonlinear functign Viz) = oL(z)A(z) A(z)Ps(x) (18)

is also radially unbpunded, positive—definite, and Smoo%herecbs(x) a simple upper triangular diffeomorphism and

based on the equ_allt)M.(al(xQ, o x")_’ L2y ey n) . — is a diagonal matrix that satisfies (7)—(10).

Va(xa, ..., z,). This nonlinear functioi; is unllquelydeflned Proof: To prove sufficiency let assumptior81)-Bn)

by Lemma 1 and, hence, the construction in the subsequRBiy. gy the recursive construction in Lemma 1 there exists tri-

steps |gndependenof the constructpn at th|s step. angular mapping® = (41, ..., ¢.)’ such that the conditions
Stepi, 2 < @ < n: We assume inductively that the mapg; 1y p1 4) .. Rn.1)-Rn.4) are satisfied and (17) holds.

pings¢;(x;, ..., x,) are constructed from the previous step§pese conditions imply thab is a positive upper triangular
1,...,4 — 1, and we are given a radially unbounded, POSiffeomorphism.

tive—definite, and smooth nonlinear functidf(x,, ..., z,),

To prove the necessity part of the theorem, we assume that

i _ 2 2 o . . L . .
that satisfies/(x) = ¢1 +--- +¢;_, + Vi(wi, ..., #n).  y admits a nonlinear Cholesky factorization. We first consider
The radially unboundedness and smoothnesg; amplies o mappings, and defineVa(ws, ..., x,) = 22 + -+ + 22.

conditionsC1)-C3) of Lemma 1. We make the fo_llqwing 8S-ginceV is radially unbounded and smooth, it satisfies condi-
sumption, in order for a smooth mapping(x) to exist: tions C1)-C3) of Lemma 1. The definition of the nonlinear

Bz)for any fixedn — ¢ dimensional vectofz;+1, ..., z»)",  Cholesky factorization implies that andV, satisfy the state-
the algebraic equatio@V;/0x; = 0 has a unique root ments 1-4 of Lemma 1 so th&fl) holds, which is equivalent to
r; = @i(Tit1, - - -, Tn), Which is simple B1). ThereforeB1)is necessary for the existence of a nonlinear
82V, Cholesky factorization. WheBl) is satisfied¢ is uniquely de-
el (i(Tig1y oo s Tn)y Tig1y oo vy Tn) # 0. fined, and so i9%.
: Arguing inductively fori = 2, ..., n, we determine for each
Under this assumption, there exists a smooth transformiathat the functior¥; is independent of the construction of the
tion z; = ¢1(zi, ..., z,) and a smooth nonlinear functionprevious mapping. The functio¥j is radially unbounded and
Vig1(2iq1, ..., x,,) such that smooth. Then, by Lemma 1, the unique mappin@xists only
Ri.1) for any fixed (Big1, s n)s if assumptionBz) hoId;. Therefore, as;umptioﬁa)—Bn) are
(8¢hi 0x:) (i, -, wn) > 0, ¥ x; € R; necessary for the existence of a nonlinear Cholesky factoriza-
Ri.2) for each fixed i1, ..., z.), ¢; mapsR ontoR, i.e., HON- _ _ .
1| o |65 (@i - -, T)| = 00} By the uniqueness of_the r_napp_ln@s, at e_ach step =
Ri.3) the function Vi can be decom- _1, e the diffeomorphism® is uniquely defined whenever
posed as  Vilz, ..., zn) It exists. ,
The second part of the theorem follows directly from the

Vioilxint, ..., xn) + fxi,...,xn. >
Again the+;(ser];1 tiotB7) ?s nﬁc(essar for )the existence oF roposition 1, Q-B.D.
gam, b Y The motivation for the introduction of the simple diffeomor-

Fhe transformatior; as shpwn n Lgmma L. The mgpplt’,bg phism (18) is that the computation of the inverse mapgng
is also zero preserving, sindé admits a global minimum at ' -~
(i, -, 2) = (0, ... 0). involves only sub_st|tut|ons._ _ _

) . ) o Next, we consider two illustrative examples. The first ex-

Ri.4) The mappingp; is zero preserving, i.e¢;(0) = 0. ample is for quadratic functions. The second example involves
_ The following equality holds, as prescribed by the construg-44, order polynomial and shows that the ordering of the coor-
tion in Lemma 1 dinate variablegz,, ..., ,) in Definition 4 is critical for the
existence of the factorization.

Example 1: For V = z/ Pz, with positive definiteP, the
Therefore, from the fact thdkt; is radially unbounded, posi- nonlinear Cholesky factorization mappifgis » = Uz, where
tive—definite, and smooth, we can conclude that the nonlinghae upper triangular matri& is the Cholesky factor of the ma-
functionV; 4, is also radially unbounded, positive—definite, anttix P, P = U'U.
smooth. Furthermore, this nonlinear functigy; is uniquely Example 2: Smooth, positive—definite, and radially
defined by Lemma 1 and, hence, the construction of the subsebounded functionV (z1, z2) = (21 + 23)? + 2% ad-
guent steps isxdependendf the construction at this step. mits a nonlinear Cholesky factorization in the ordering

Vil (Zig1y -+ s Tn)y Tigls oy Tn) = Vig1(Tig1, -0y Tp)-
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(x1, z2) with & given by [z1 =] := [z + 23 ). approximationV?l(z) = «/ Pz of V is positive—definite. Our
If we switch the ordering, we obtain the functiongoalis to find, for any positive integer, a radially unbounded
W(z1, z2) = V(zz,z1) = (z2 + 23)? + 2% and smooth functiod¥ (z) which has a nonlinear Cholesky
Applying our result, we observe that the equatiofactorization and such thavl”!(z) = VI™l(z). An approxi-
OW/0x1 = 4a} + 4rize + 2r1 = 0 has three distinct mate nonlinear Cholesky factorization can be easily shown to
roots whenz, = —1. By Theorem 1, the functiol” does not exist by adding higher order termé&, to makeWw = VIl
admit a nonlinear Cholesky factorization. Va strictly convex. However, this simplistic convexification ap-
A question of practical interest is whether assumptiormoach would cause serious computational difficulties. Instead,
B1)}-Bn) can be checked without actually carrying out theve presentan explicit construction for the approximate function
recursive construction. It turns out that this is possible whé# and the upper triangular diffeomorphisb{z) with milder
V' is strictly convex. To prove this proposition, we need theonlinear growth than the factor obtained via convexification.

following corollary to Lemma 1. Our recursive construction consistsro$teps. The following
Corollary 1: For a nonlinear functio¥ (e, b) that satisfies illustrates a typical step. Consider a polynomial function
C1)-C3) assume that V(a, b) of order m, wherea is a scalar and is a vector.
C4) V is strictly convex so tha9?V/d(a, b)?)(a, b) > 0, Assume that’’l(a,b) = [a ¥]Pla ¥] andP > 0. We
Y (a, b). partition the matrix” conformal with(a, b)
Then,E1)is satisfied and statements 14 of the Lemma 1 hold. Py P
Furthermore, the nonlinear functidfn(b) of the decomposition P= {P’ PQJ
12

(11) is strictly convex.

Proof: To show thatE1) holds under the convexity as-whereP;; is a positive scalar. Our goal is to finda, b) which
sumption, we note that4) implies thatV” is strictly convex in satisfies the statements 1-4 of Lemma 1, &i(d) in (11) is
a, so that there is at most one root for the equadldiida = 0.  such that/[?l(b) = & Pb with P > 0.

By C2) andC3), there exists at least one root becausadmits First, we evaluate the root @fV'/da = 0 approximately.

a global minimum for any fixed. Therefore, this rootis unique Let V,(a, b) := (0VI"™/9a)(a, b). Then,V,, is an(m — 1)th

and simple becau?&j[//acg2 > 0. Hence E1) holds. order polynomial and/p[l] = 2a V][P, Pyl Thisim-
To prove that(9"V/ob)(b) > 0 Vb, we show that pjies that the equatiol!''(a, b) = 0 admits a unique root

p'(8°V /0b™)(b)p > 0, for any nonzero vectgy and any fixed , _ —(1/Py)Prab.

vectord. For eachh and nonzer@, there exists a scalarsuch

— Although, there may be several roots to the equation
thatp := [6 p'] satisfies(d¢/I(a, b))(a(b), b)p = 0, where

a = «(b) is the unique root ofi(a, ) = 0. Thus, we have aviml —0 (19)
_, 0%V _ Ja
0<p 9(a, b)? (a(b), b)p we are only interested in the root aroumd= —(1/P;;)Pi2b.
921 ¢ / The Taylor series expansion of the root functigib) up to(m—
=y W (b)p + 27’ < (@, b) (a(b), b)) 1)st order can be computed by equating homogeneous terms
96 ’ of the same order. Starting with!l(b) = —(1/P,;)P.,b, we
. b).0) )7 obtain higher order terms
82‘7 1 ' i
=7 S ). () =~ g5 | 3 Vit (a8 (0). 1) (20)
. J=2 i
This proves the strict convexity & (b). Q.E.D. . t
For a strictly convex functioV’, a nonlinear Cholesky fac- foré = 2, ..., m — 1. Therefore, we have
torization exists for any ordering of the coordinate variables ) [m—1]
(z1, ..., z,). Thisis an consequence of the following corollary (Vp (Oé[m_ lo), b)) =0. (21)
to Theorem 1, obtained by a recursive application of Corollary ) _ .
1 Next, by adding higher order correction terms we enforce

Corollary 2: Consider a positive—definite, radially un-a""~ 1 (b) to be the unique root of (19), a{g:j_tlc]) sati€iy)-C3)
bounded and smooth nonlinear functibiti), wherez € R, andEl). Toward this end, we lef := a — o™~ "(b) and define
The functionV'(z) admits a nonlinear Cholesky factorizatiorft functionli(s, b) through

z = ®(x), as defined in Definition 4, if it is strictly convex, — T —
a?v/aa(:‘Z )> 0,Vz € R™ i, 8) = Vs (" + ol ), b) G (O‘[ Ho), b) '
So far, we have presented a procedure to obtain a nonlinear (22)

Cholesky factorization for a given function. For the nonlinear 1
robust control problem formulated in Section Il, the value fun(!:—rom (21), we get

tion V' is known only approximately via its Taylor series ex- 1 — S [m—1]
pansion. In the remainder of this section the objective is to de- ((“ — ol ](b)) 11 (“ — ol ](b)’ b))
rive a factorizable functiomV” that matches the functioW up av'iml

to any given order of accuracy. We assume that the quadratic = " oa (a, b)
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and

. . [m]
/ (sII(s, b))[m_ L ds
0 n=a—alm—11(b)

_ V[m](a, b) — (V (a[m_u(b), b))[mJ . (23)

Next, we proceed to modify the high-order polynomial termsf b. Then,VI™l(a, b) =
of the functionll to guarantee that it is larger than a positive

constant for alla, b) so thatC2), C3), andE1) are satisfied.
To modify the high-order terms @t in the(n, ) coordinates
we need a polynomidll;(#, b) of order(m — 2) such that

(T2(n, )" 2 4 ¢ = T2y, b) (24)

for some constant’ > 0. FromII(0, 0) = 2Py, for the root
functionll, to exist around the origin, we must cho@Séo be a
fraction of P, 1, say(1/m)Py;. The substitution ofL, into (24),
wherell, is expanded as

m—2

b) = Z ﬁs[z} (777 b)7
=0
and equating polynomials of the same order, results in

=v2P;-C

i—1
— 1 — - -
Ooo=——>= [II. _ZH ATLer s
s[7] [7] slilttsli—i]
2V2P, - C ( youct )
fori=1,...,m—2.
Therefore, by (23) and (24), we have
,, [m]
viml(a, b) = / s (I2(s, b) + C) ds
0 n=a—alm1(b)
[m]
+ (v (a1, )" (26)

For large values ofn, IT2(a, b) and o[™~(b) involve high-
order polynomials that grow rapidly in magnitudesadeviates

(25)

1L
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Define

3(n, b) = \/% /: o (TI2(s, b) + C) T2(s, b) ds

andV (b) = (V(al™~1(b), b))I"]. We note thab is a smooth
positive function of(a, b), andV" is anmth order polynomial
Wl”l(a, b), where

(77252(777 b)) acair <b>s<b>>

Sincen = 0 is the unique root of(T12(n, b) + C)T?(n, b) = 0
and

[m]

W(a, b) := V(b). (30)

5y (120D +O) T b))
= (II2(0, b) + C) T2(0, b) > 0,

condition E1) is satisfied for the functio¥’. By inspection,
conditionC2) is satisfied. For conditio@3) to hold, it is suffi-
cient that

1
(1+7)(C+12(n, b))’

2>C Y(n, b),

for some positive constaxt.

With the scaling functions, we can shape the growth rate
of the function@(d) := al™~(b)S(b), which corresponds
to the virtual control law in the backstepping design. With the
scaling functionZ’, we can indirectly shape the growth rate of
the functioné(a, b), which further determines the growth rate
of the approximate value function and the virtual control law in
the backstepping design. For induction purpose, we verify that
the quadratic part of the functioki is V2I(b) = ¥ Pb, where
P = Py — P/,P ' P, is positive—definite due to the posi-
tive—definiteness of”.

By repeated application of the above process, we can prove
the following theorem.

Theorem 2: Assume that a smooth functidni(z) with = €
R™ is locally quadraticy ?l(z) = 2’ Pz, andP is positive—def-

from the origin. We alleviate this difficulty with two smoothinite. Then, for any desired matching order> 2, there exists a

scaling functionsS(b) and7 (e, b), which satisfy

Str=tpy =1
Tm=2(q, b) =1,

(27)

T(a,b) >0 V(a, b). (28)

radially unbounded and smooth functitii(x) which admits a
nonlinear Cholesky factorization such th&t™! (z) = V™I (x)
andW = &'®d = &L AAD,, whered,, a simple upper trian-
gular diffeomorphism, andh, a diagonal matrix, are recursively
constructed by the above procedure.

Using these scaling functions in (26), we have the following When V(x) is an analytic function and admits a Cholesky

identity:

Vi ) = (v (o ), 8))
([ s @m0 b

) [m]

(29)

wheren = a — o™ 1(5)S(b). We note that multiplielS has
been removed in the ter(W (al™~1(b), b))™! because

(r(0.8)" = (¢ (s, 0)

factorizationV = &1, Ay Ay &y, then there exists agy > 0
such that¥|z| < g, lim;, 00 W(z) = V(z), where the func-
tion W is constructed as above under the additional assump-
tion that asm — oo the scaling functionsS and 7', intro-
duced at each step of the construction, converge to 1 on the set
{z: |z| < e}.

Proof: The first part follows from the construction pre-
ceding the theorem. Whe¥ is positive definite and analytic,
the functionsAy and®+-, are analytic because the elements of
dy, are roots ofn analytic equations. By the analytic version
of the implicit function theorem, they are also analytic under the
necessary and sufficient conditions of Theorem 1.
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For the second part of the theorem, we first consider the casbere the subscript indicates that this nonlinear function is
when the scaling functions and7” are set to 1 at each stepto be matched in the backstepping design. System (1) in;the
of recursive construction. Then, the simple diffeomorphifsm coordinate is
is the truncated Taylor series approximationdtp, up to the - -
order ofm — 1. By the analyticity ofy-, it converges tab, as 2 =22 + fu () + b (o)w
m — oo Within a radius of convergence. The nonlinear function :

11, in (25) is also the truncated Taylor series approximation for

the functionV . It converges, again due to the analyticityf, Zin =u A+ fr (a1, s 2m) 0 (2, - 2w
asm — oo within a radius of convergence. This further implies /Oo - = 2 24

L . g, = z1) + Tl z)u — v w'w) dt
thatAy-, converges td\y asm — oo within the same radius of K (q’( 2 (=) K )

convergence. Hence, the functidBhconverges td” asm — oo
within the common radius of convergence.
For the general case, when the scaling factbendl” con- 3 = fz(zv) 4 But ﬁl(zl)w
verges to 1 ag» — oo, we can conclude the same convergence
result because of the fact that a product converges when all-men the function; can be expressed an(7l) —
factors converge. S, 6272 and satisfies the HJI equation (3) up(te + 1)th
In general, the function generated by the recursive procedyigler
is not convex. Therefore the approximate functidhincludes L
lower order polynomial terms as compared with the approxima- oW,z 1 aWz <B_IB’ 4 H H’)
tion resulting from the simplistic convexification approach. on "t 4 0y !
Equipped with this high-order matching result we proceed to ., [m+1]
present our design procedure for an inverse optimal control law ) <3Wz> g —0 (32)
that matches the optimal design up to any given order. 9z ql -

or, in compact form

As a consequence of this construction, we have

U

IV. HIGHER ORDER MATCHING CONTROL DESIGN (
{11})

961
(517 +717(517 9 >0

Applying the nonlinear Cholesky factorization result to the A

robust optimal control problem for system (1) and cost funder anyz; and alli =1, ..., n. Settingzj;41 = -+ = 21, = 0
tional (2), we can prove that a backstepping procedure can pyeelds the following approximate HJI equation d;;, for any
duce the optimal solution as long as the value function solutien= 1, ..., n — 1:

is factorizable in the lower triangular fashion.

Theorem 3: Consider the nonlinear system (1) and cost func- oWy = 1 Wy =y Ty !
tional (2) under Assumptiondl) andA2). Assume that there O oy fl[l} a2 5, o iy 1[1}Hz[1}
exists a smooth value functiori(z) satisfying the HJI equa- gty A1(1y
tion (3), which has a nonlinear Cholesky factorizatin = s [re+1]

O’ AAD, in the reverse order of state variablés,, ..., x1). Ju
Then, the value function, minimax control law (4) and the cor- 8zl{1}
responding worst-case disturbance can be obtained by a back-

stepping procedure. wherezl[ﬁ} =[z --- z] and

The proof is straightforward and can be found in [1].

Theorem 3 assumes the knowledge of the value function
V(z). Instead, we pursue the inverse optimal design with Wi = Z &7t
locally optimal matching as prescribed in Definitions 1 and 2.

Let mm > 1 be the desired matching order. By a result of 52{{71} —ql(711, ceos 21, 0, ..., 0)
[8] and [2], we obtain the Taylor series expansiontolup to q
(m+1)storder. Using Theorem 2, we can find a functi&i(x) 22+ fus (1)
that matched” up to (m + 1)st order and can be factored as :
Wi(z) = &,(z) A(z)A(z)P,(x). Clearly,W, satisfies the HJI
equation (3) up td + 1)th order. Introducing; = ®.(z), we

=0 (33)

fl{l} T A+ fli—l (71{{11}1})

further assume that thie, and A are given by } (7{[ }})
“i{1
1 = = . /
Al {i}
T — all(l'l) Hl[l} = [hll(zll) - hli (zl[l}):| .
O (x) = . (31a)

: We are now ready to present the backstepping procedure for
Ty — Q1 (T1, - Tpo1) high-order optimal matching design with global inverse opti-
A(.’E) = diag{éll(azl), N 6ln($)} (31b) mality.
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Step 1: Define 7, := 2 = x; andW () := 5121(21);:%. The dynamics of the state varial Z:l} are
The virtual control law prescribed by the nonlinear Cholesky
factorization ofW; is x> = @1 (21). Under this control law, the

e ; . s =2+ fo (1) + By (2w + Mo (2
value function'; satisfies the HJI equation (33), with= 1. A=zt fula) + h(a)w 1(7)

Therefore, the derivative a¥, is given by + N1 () (37a)
- 1 =y (W] -
5774 —{1} 2 s 2+ {1} 1 R {i—1} 7 {i—1}
Wi ~qiy + v ww — v |w 52 Hl{l} < 97 ) Zil1 =% 04171( Z(1} )+fli—1( 21y )
- _ T {i—1} . {i—1}
+ &1 (7)) + 27 (7)1 +hia ( Z{1} )w+MZ—1 ( Z{1} )
_ N {i—1}
where¢, is the remainder of the approximate HJI equality (33) + N ( #1} ) w (37b)
. 8W1 sy, L IWL iy my <3W1>/ wherel; (20 ) andN;(191), j = 1, ..., i—1 are high-order
P T ED R reitzay Ay . 9
Sula) = fl{l} 492 Oz TULTULE A 0z nonlinear (possibly vector-valued) functlons.
6}{11} By hypotheS|s the transformatiorz; matches z;,
ty j = 1,...,4 — 1, up to mth order. At thetth step, we
This suggests the following smooth virtual control law: define the new coordinate := z; — @;_1( i 1} . Because
of the matching betweer;_; anda_1, an the matching
e = _;gl(zl) betweenzf{{i} 2 andrl{{zl}l} the dynamics of; is given by
271(21)21
which is equivalent to flZ ( [1}) + 21 + hlZ ( [1}t)
= ) — — > g 1 1
z2 =0 (21) EAEN §1(21) ( & }) ( g })
=tan(a) +au(a) = ay(x). (34)  \whered,; and N, are high-order nonlinear functions.

Again, based on the approximate factorization, we
rcurswely define the value function for this step as:

+lm+1]

Because = 0 and7, > 0, we conclude thatii™ = 0,

and hence is higher order than the desired matchmg order. U {i} = {i—1} {iky,2. )
this control law, we have ”(z{l}) = Wialeyyy ™) + bii(= {1}) Using the re
lationship (33), the derivative of¥/; can be expressed as
1% follows:

1 =y oW,
ST C

Stepi, 1 < ¢ < n: From the preceding step we have a value

functionW,_; = S ¢ 1 62.2% and a virtual control lave; _;
j=191;%; where

for z;, which can be decomposed into a matching part and a

Wi= -7, +7*ww -7

‘ 2

SN—’

W ﬁf[i} ( El]i) —t—’y w'w — ¥ ‘w—l?i (zﬁ]i

+ 22171 (21)(372 — 51(21)).
+ 2%7; Zli41 +£ ( {1})

high-order part as follows: 3 (7{[ }}) qz[ﬁ} ql[{zl}l} 2T — T T
o (45) = (o) s (o57) 5 (T T
it (7{1} it {1} + @i ) + Z 2276y a—h (Zj-l—l + fi; + Mj)

.
=1 !

The derivative of¥,_; is _
+ 22,7; (fh; + be,) +22_1T;—1% (38)

W Sli—1} ( Li=1} o (N[
W, 1= —diy ( Z(1) )+'72w/w—’72‘w—l/ifl(z[l})‘ ) 1 /=t — N [ W, '
+ 2?:1‘_172‘_1 (]}Z - ai_l ( {; 1})) (35) lji (in}j) - 2’)/2 (H;{[q} Nﬁ}i) 87{1}
{1} (1)
wherer; _; is the corresponding worst-case disturbance Nil]t (7“{{;]]”) — [ﬁl(zl)/ ﬁi (7§1§>/}/ (39)
!
_ FU-1} | -1 rf OW,_y By the approximate HJI equality (33), we conclude that
Vi-1 _—( iy TV ) 9,01 (5({} ]}”))[erl = 0. From the expressions (38), (39) and (36),
A1}
— we also conclude thaﬁg(z 1}) containsz; as a factor. Hence,
o Ni(z1) the smooth virtual contro{ law foty; 41 IS
NUT = ; . (36)

N (+7) i =g & (=)
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ThIS leads to the satisfaction of a dISSIPatIOH inequality for As 7 we choose the locally Lipschitz continuous function

thex!! dynamics with supply rate: ~2w'w. The - _
{1 1{1} {1} <
equwaient virtual control law fog; 1 i$ F1(z) i q(2)/4 <Ep(2)zn
B Ti(z)  ifq(2)/2 =7 N (2)TE(2)2E —
vovs = (20) = (o) - & (1) () = <EEm sl @o)
22T < o R
[Z} ~ [Z} 7)2(2’) If (.Zl(z)/_z - Tl (Z)ﬂ-n(7)7n
=iqy; ( {1}) + o ( {1}) > Sf(z)zn

Therefore, the matching property of the virtual control law i\évhere

verified. Under this control law, the derivative Bf; is Fo(2) = 2,(2)72 (2)2271(2)
1(z —
) (@(2)/4 = € §(2)2n)?Ta(2) + 23, (=)0 ()23
T (A 2 (i} B
Wi=—q ( [1}) Tyww—y ‘w ( [1})‘ Fa(z) =71(2) (1+ (@2 -7 7222 —e—gfzn)Qﬁzi),
_ (@
+ 22T (@i — QG {2 . : it
“r (x e (7{1})) ande is any positive constant.

. . Therefore, the control law
This completes théh design step, up tb=n — 1.

Step n: For tr11e final nth step, we definez, := a(2) = =7 17 (2) 2 (41)
Tn — Qn-1(zg }). Now the actual control variable; o _ _ _ o
appears in the cienvauve of.: is the desired inverse optimal matching control design, and it is
inverse robust optimal with respect to the cost functieniu?,

Zn = fln( )+u—|—hln( Yw +Mn(z) +ﬁn(z)w where _
Gi=q(2) + (F H2) =7 M (2) Ta ()22 — €.(2). (42)

With this choice of #, we note that, in a neighbor-
hood of the origin,g,(2)/4 > «calz|*> = elz]? =

Whereﬁn and ﬁn are present due to the higher-order mis-
matches between and ;.
The value function for this final step, which be-

comes the value function for the complete system, %(7)72‘ for so[n_el pfi'“"eQ constants:, and e, a_md
Woz) = Wz {n— 1}) 4R ()2 = W(2). Be- © > a(=)/2 — 7 (z)jﬁ(z)zn —Tgf(z)zﬁ. There.fo're, in a
() In /" neighborhood of the origin, we hawéz) = 7;(z). This implies
cause of the approximate HJI equality (32), the denvatleonTm the control law (41) satisfies the matching requirement. In
he case whe@;(2)/2 — 7; ' (2)T2(2)22 — € > {5(2)zn, We
haveq(z) > g;(z)/2 + . In the case whef,(2)/4 < Sf( 2)Zn,
. 3 3 3 ) we have|z| > 0, which implies thatg,(z)/4 > 0, and,
W = —qy(2) — 7u® + Y w'w + 7 |u+ 717, (2) 20 thereforez, # 0. Then,#(z) > 0 and
— Qw—PnZQ—?_lz—F_lz fizz,% _ - . - _
e e e FH) - T IR ~ Ey () + T2

— 2
1_ 2y —qi(2)/4
=Sa(x)1- =T o
2 7,(2)
This completes the control design. This result is summarized

in the following theorem.
Theorem 4: Consider the nonlinear system (1) and cost func-

is equal to the following expression, after two “completion
squares” arguments:

]_ —
where

- — —{n—1 — — — _
g.(2) =7 - &u”ﬂWWw%%A%A

Z 22, 51" z (7 Zj+1+ f iyt M, ) tional (2) with Assumption#\1)-A3). Let the functionW; be
any radially unbounded, positive—definite, and smooth function
4 22, (fln + Mn) 4+ 220 1T n—1%n that has the same Taylor series expansion as the value function
1, o 9 V up to(m + 1)th order and admits a nonlinear Cholesky fac-
— T (T2 torization in the reverse order of state variahes, . .., z1).
_ 1 /=, = [OW ' Then, the control law (41) is locally optimal matching upith
Pnl2) = 292 (H + N) < Oz ) order and is inverse robust optimal with respect to the cost func-
ﬁ(z) _ [ﬁl(zl)/ o ﬁn(z)’ ]/ ' tional (5), wherej is a positive definite and radially unbounded

function defined by (42), antlis a positive function defined by

40).
Because the approximating value functlidhsatisfies (32), the Proof: We note that the constructed value functign
function,, is higher-order such that"**! = 0. Furthermore, s positive definite and radially unbounded becau$e is
from the definition 0f€ we conclude thag,, containsz, asa assumed to be positive definite and radially unbounded, and
factor, andﬁf( z) := &,(z)/2n is @ smooth function such thaty7(;) = W,(z). The functiong is positive—definite and
5["' radially unbounded because it is larger than or equa{9/4.
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Furthermore, the functiol satisfies the HJI equation and the Next, we proceed through the two steps of backstepping. In

matching requirements by the recursive constructiohE.D. the first step, we set; = z;;, and choose a value function
In the above recursive construction, we can start from amy(z;) = 1.323%2? = 1.75122, so that

given factorizable functiob; that approximates the value func- . )

tion V. Clearly, for differenti?;’s, the construction leads to, in V1 =3.5022 (7512 = 10222 + 21 + w)

general, different controller designs, that all satisfy the inverse =—2.04527 +3.5022 (212 + 27) + 2w°

robust optimality requirement and the local matching property. — 2(w — 0.875521 ).

A question that remains to be answered is whether there is any

criterion to distinguish whichi¥; is more appropriate for a par- Hence, the desired virtual control law fe, is —z{. The

ticular problem. worst case disturbance for this stepifs= 0.87552;.
In the second step, which is also the last step, we define the
V. EXAMPLE state variable; = 7> + 2?2 and obtain
We consider a second-order nonlinear system Zo =u — 0.15022; + 1.02229 4+ 22129 — 0.2940;:%

b =22 ot w + (1,022 + 221) (w — 0.875521).

To=u The value function for this step I& (21, z2) = V1 +2.174222,

with cost functional and, after some algebraic manipulations, we get

Vo = —2.04527 + 2.04421 20 — 23 + 2w?

J, = 22+ 22+ u? — y2w?) dt
v /0 (o1 + 22 ) — 2 (w — 0.87552, — 24152 — 4.72821 23)°

where we fix the desired disturbance attenuation level tp be — 47 (u+ 4.726¥*1z2)2 — 223423 (F 1= 1)
V2. _ , S _ _ + 64582122 + 44.712F — 2.77922 2.

The HJI equation associated with this zero-sum differential -
game is Therefore, we have, = 64.5821 23 +44.712} — 2.77922 2, =:

1 1 & 172, and define(z1, z2) as in (40) withg,(z) = 2.04527 —
Vi, (27 + 22) + Yo Vi - 1 V2 +ai+a3=0 (43) 204422 + 22, 71(z) = 1,73 = 2.174%, ande = 0.1. Then,
i the inverse optimal control law with optimality matching up to
whereV(x1, z2) is the value function for the game, if it exists first order is
The Taylor series expansion of the functi@ijz;, z») around
the origin up to third order is given by [2] w* = —4.7267 () (22 + 1.0222; +a7) .

VE (1, 29) = 6.6800% 4+ 9.657x 20 + 4.72423 + 89.922  The worst case disturbancens = 0.8755z; + 2.4152; +
1894520y + 134,712 + 32,503 4.7282129.
B. Second-Order Matching

A. 1st Order Matching Form = 2, we are concerned with the third-order Taylor
Form = 1 we are only concerned with the second-ordeseries expansion of the value functign Again, we start by ob-
Taylor series expansion of the value function taining a factorizable functiokV that matches the value func-

/ tion V' up to third order. We follow the recursive procedure of
vi2 (z1, 22) = {xl} [6'680 4'828} {xl} . Section lll to construct the functioi that is factorizable in the
To 4.828 4.724 To Order(.’L'Q, 371)- Let

The controller design starts by first obtaining a factorizable Pc
function W that matches the value functidhup to 2nd order. Vo(zo, 1) =
It turns out that the functiof is exactlyV[2. The nonlinear 92
Cholesky factorization is equivalent to the Cholesky factoriza- =9.657x1 +9.448x2 + 189.4a7
tion for positive—definite matrices + 269421 29 + 97.5025.

VE(zy, 20) = 1.323%27 + 2.174% (29 + 1.02221 )% Using (20), the root function forz, up to second
order is a(r;) = —1.022x; — 1.684z%. In terms of
7 = xo+1.022x; +1.684x2 andx;, the functionll is obtained
asll(n, x1) = 9.448 +70.11x, +97.50n — 328.4x2. Choosing
C = 0.448, we obtainIl,(n, z;) = 3 + 11.69z; + 16.257.

Hence, the simple diffeomorphism is given by, 2;2]" =
[#1 @2 + 1.022z1]). In thez; = (21, z2)’ coordinates, the
original system is given by

21 =—1.02221 + 25 + zp +w Then, we have the following identity:
2 = —1.04521 + 1.02227) + 1.0222;2 + u + 1.022w VB2, 22)
and the cost functional is = 1.745z7 + 2.351%

- . B [3]
J, = / (2.04527, — 2.0ddz 210 + 25 + 1 — 2w%) dt. + < / s ((3+11.69z; + 16.255)? + 0.448) T7 ds)
0 0
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wheren = o +1.0222; +1.68422, T3 (s, x1) := 1/(14+p;s?) The simple diffeomorphisn®, in the nonlinear Cholesky

andp; > 0is a design parameter. factorization for the functio is
Hence, the function to be matched at the second step
of the nonlinear Cholesky factorization % (z;) = AL — x1
1.745zF + 2.351a3. A2 Ps(o1, 72) w2 +1.022x) + 1.684x]

Let V,(x1) = OV 9z, = 3.490x, + 7.05322. For this last _ _ N
step, the root function is fixed to be; = 0. Then, we have and, in thez; coordinates, the original system becomes
(x;) = 3.490 + 7.053z;. With C = 0.250, 11, is given by _ )
II,(z1) = 1.84 1.95921. Thus,V matches the following func- ~ #u = —1.022zn — 068423 + 212 +w
tion up to third order. 219 = —1.0447; — 4.14123 — 2.3047) + 3.36821 712

+1.022212 + u + (1.022 + 3.3682; )w.

A

Vie) = </077 s ((1.8 +1.959s)% + 0.250) T3(s) ds) *

1 L The approximate value functidi can be expressed as
=5p; " ((0.349 — 0.384p; ') In (1 + poa?)

— 141tan™* (p9Pz1)py *° + 14121 + 0.38427) 15 W = Wi(zn) + Wa(zu, zi2)
wheren = w1, T3 := 1/(1 + p2s?) andpy > 0is a design and the cost functional is
parameter.
The scaling function®’; andZ’, are chosen to reduce the con- / =~ 2 3 4
. . . i J, = 2.044~ 3.442~ 2.836~
trol effort for the inverse optimal matching design. Compared B A ( ut ut i
with a design using’; = 1 andZ’; = 1, the control effort is + (—2.04421 — 3.368;:121) 219

dramatically reduced. A choice f@? which could further re-
duce the control effort, but which leads to a more complicated
control law, is

B e Ve 2w2) dt.

With the functionW available, we now proceed to the two
1 steps of backstepping for the construction of an inversely robust
1+ p11x? + p1az1s + p13s?’ optimal controller that matches the optimal control law up to
second order.
For the first step, we defing = 2, Vi(z1) = Wi(z), and
+ WQ(MM?)‘ get

n=wx2+1.022z1+1.684x%

This completes the construction of the matching function
W(zy,x2) = Wl(ﬁ)‘
=1

where Vi =2uw? — 2(w — 0.57, )% — 2.0442% — 3.44223

R m — 2.8362] + 22171 (212 + @z
W, ::/ s ((1.8 +1.959s)% +0.250) T3 ds 1+ 20 (e al2)
0

. n , , where(@(z, )2 = 0. Hence, the desired virtual controkig =
Wy = / s ((3+11.69z; +16.255)* + 0.448) T7 ds —@(z), and the worst case disturbance for this steplis=
. 0 . 0.5%1(2’1)21.
with the properties For the second step, we define a new state variaple=
oW, z12 + @(z1) which satisfies
o (371) —23717(1(371),
oy ! 2y =—1.0442, — 4.1412% + 3.3682, 20 + 1.02225 + u
2 _
Ty (@10 1) = 2a(@1, ), + HO.IB 4 (1.022 +3.3682; + H.O.T[QJ) w
W, 4
oz, (z1, m) =1(z1, n) whereH.0.T! denotes the terms dth order and above.
The value function for this step is
and where
71 (1) Vo(z1, 22) = Vi(z) + WQ(Zla z2)
= 0.5((1.8 4 1.959x1)? +0.25) /(1 H>0 : o
B 5((18+1.95921)" +0.25) /(1 + pav) > and its derivative is given by
71'2(1'1, 77)
:=0.5((3 + 11.6921 + 16.25m)* + 0.448) /(1 + p17°) > 0 Vo =2.04422 — 3.44223 — 22 — 2.83623 + 2u?
I(xlv 77) } } —2(11}—0.57121 — %I(Zl, ZQ)
:= —5.0[—75.985n + 75.985 tan™" (p}*n) p7*° o 5
1 2]\ =
_ 7.014111(1 +p1772) _ 27.33111(1 +p1772) 21] pl_l' -3 (1.022 +3.368z1 + HO.T )WQZQ)
= 2
This function matches the value functiovi up to the third + (20512 + 3.36827) 22;_ #f(a, 2)
order. — T+ T (T ) — (F = 1) T34
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Fig. 1. Phase-portraits. Fig. 3. Control efforts.

- - Local

— Clobal what larger than that for the local controller. This is the price to

be paid for global stability and robustness with respect to the
] disturbance input.

VI. CONCLUSION

We have developed a design procedure which combines the
Taylor series expansion and integrator backstepping to solve the
0.3} 1 problem of nonlineat7*> optimal control for strict-feedback
nonlinear systems. The procedure recursively constructs a cost
functional and the corresponding solution to the HJI equation
for a strict-feedback nonlinear system such that the optimal per-
formance is matched up tny desired order of the Taylor se-
ries expansion. Moreover, this procedure is also applicable to

0 05 1 L5 2 25 3 35 4 the nonlinear regulator problem. What lies at the heart of the re-
cursive construction is the new concept of nonlinear Cholesky
Fig. 2. State trajectories. factorization. The nonlinear Cholesky factorization for a given
positive definite function is defined as an upper triangular coor-
where&’?](zl, 23) = 0. Now can be chosen according to (40)dinate transformation such that in the new coordinates the given

X, and X,

The inverse robust optimal control law is given by function is equal to the sum of squares of the state variables. We
have obtained precise conditions under which a given nonlinear
wt = —7 L, To(z1, 22) function has a nonlinear Cholesky factorization.
When the value function for the optimal control problem

and the corresponding worst-case disturbance is has a nonlinear Cholesky factorization, we have shown that the
backstepping procedure can be tuned to result in the optimal

vy =0.57121 + (21, 22) control design, thus justifying backstepping as an optimal
+ % (1'022 1 3.3682, + H'O'T[?)}) Tal21, 22)22. design method_. Making use of the Taylor se_ri_es expa_nsion for

the value function, we have developed explicit recursive com-

Simulations are used to illustrate the theoretical findings. TI!tation schemes for a globally stable and inversely optimal
design parameters = 2000 andp, = 4 are chosen to reduce controller that matches the optimal solution up to any desired

the control magnitude. For comparison, the 2nd-order local cdpyder. A simulation example has been included to illustrate the

troller has also been simulated with the control law,,; = theoretical findings.
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